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The motion of a thin oil sheet under the steady 
boundary layer on a body 


By L. C. SQUIRE 


Royal Aircraft Establishment, Bedford 
(Received 10 March 1961) 


A solution is obtained for the motion of a thin oil sheet, of non-uniform thickness, 
under a boundary layer. The following points are deduced: (a) The oil flows in the 
direction of the boundary-layer skin-friction, except near separation, where the 
oil tends to indicate separation too early. These conclusions are independent of 
oil viscosity. (b) The effect of the oil flow on the boundary-layer motion is very 
small. 

The application of the results to the interpretation of oil-flow patterns is 
briefly considered. 





1. Introduction 

The oil-flow technique is nowadays widely used for visualization of the surface 
flow on wind-tunnel models. In this technique the model is coated with a thin 
layer of oil and the oil pattern is observed during, and at the end of, a tunnel run 
The types of oil used vary widely. Heavy gear oil is used in continuous transonic 
and supersonic tunnels, and times of up to a quarter of an hour are needed to 
develop the full flow pattern (Stanbrook 1957). On the other hand, very light 
oils are used in intermittent tunnels where the total running time is 10—20sec 
(Winter, Scott-Wilson & Davies 1954). Paraffin is often used in low-speed wind 
tunnels (Black 1952), and heavy oils are used in low-speed water tunnels (Prandtl 
1952). 

It is of interest to know to what extent the presence of the oil affects the flow, 
and also what the oil-flow pattern represents. As a basic step in the understand- 
ing of the oil-flow technique, the theoretical motion of a thin oil sheet, of non- 
uniform thickness, on a surface under a boundary layer is studied here. 

The main parameter in the problem is the ratio of the viscosity of the fluid 
in the boundary layer to the viscosity of the oil. The solutions obtained are valid 
for all values of this ratio likely to be found in practice. Numerical results have 
been produced for infinite wings with velocity distributions, outside the boundary 
layer, of the form U = axor U = f,—/,x. The parameters a, /, and /, have been 
related to typical pressure distributions and are calculated in Appendix 1. 

The numerical methods apply to incompressible laminar boundary layers, 
but the extension of the results to compressible and turbulent layers is discussed 
in §6. 
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2. Equations governing the motion of a thin oil sheet 

2.1. Equations for the oil-flow direction 
The thickness / of the oil sheet is a function of surface position and time. It is 
generally not greater than about 0-05in., and in the following analysis will be 
assumed to be of the same order as the boundary-layer thickness. Then the motion 
of the oil is governed by the equations of slow viscous motion: 


ou 1 Op. 
== = Vy V2.5 =e are Pe ’ ( L) 
ot 7 “Pg Ox 
Ovo 1 0; 
=? = v, V2v,—-— Pe : (2) 
ot "Pg Py 
ow. ss 1 Op, ; 
ij = ¥,V% 2 oz” (3) 
together with the continuity equation 
Ou ov ow 
a—+=+75-=0. 4 
Ox Oy Oz (4) 


The co-ordinate system, and velocity components are defined in figure 1. The 
suffix 2 refers to motion in the oil and suffixes 0 and 1 refer to free-stream and 
boundary-layer flow, respectively. The boundary conditions are (i) that the oil 
velocities are equal to those in the boundary layer at the surface of the oil, 
(ii) that the viscous stresses in the oil and the air are also equal at the oil/air 
surface, and (iii) that at the body surface the oil is stationary. These conditions 
may be written 


Uj =U, Y=%, Wy~=W, at z= "| (5) 
+] 
Uy = Vg =W,=0 at z2=0; 
y vat a 
Cu, OUs Ov, OV, : 
Ma = Maas ba, = bea, at z=Ah. (6) 


(For the derivation of (6), see Appendix 2.) 

Equations (1) to (3) will now be simplified by order-of-magnitude considera- 
tions, taking account of two small quantities, the boundary-layer thickness 6 
and the ratio of the viscosities of air and oil ,/”,(= A, say). (For the range of 
oils used in wind tunnels, A lies in the range 10-2 to 10-4.) 

According to standard boundary-layer theory, 0w,/0z and 0v,/dz are O(1/0). 
Thus, by equation (6), 0w,/0z and 0v,/0z are O(A/d). At z = 0, uw, and v, are zero. 
Thus, within the oil, w. and v, are O(A); their derivatives with respect to « and y 
are also of the same order of magnitude. 

From the continuity equation, it then follows that dw/dz is O(A) and, since 
W, = 0, atz = 0, that w, is O(Ad). Differentiation of the continuity equation with 
respect to z then shows that 0?w,/0z? is O(A/6). 

The order of the terms 0u,/0t, 0v,/ot will now be considered. It has already been 
shown that u, and v, are O(A), and so their influence on the boundary layer will be 
small. In this case, equations (1) to (6) represent the motion of an oil sheet under 
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a steady boundary layer, in which the only variation with time enters through the 
boundary conditions (5) and (6), since h is a function of time. Therefore the deri- 
vatives under consideration may be written 


Clg  OUgdh Cv, _ Ovgdh 
ct = =ohdt’ ot  chdt’ 


At the edge of the layer, w, = dh/dt; thus dh/dt is O(5A) while Cu,/6h and dv,/ch 
have the same order of magnitude as 0u,/0z and ¢v,/0z, namely O(A/d). Thus the 
time derivatives of uw. and v, are O(A®). Similarly, the derivative ow,/ct is O(A6). 





Oil surface 








Figure 1. The co-ordinate system. 


When the order of magnitude of the terms in equation (3) are considered, it is 
found that the pressure change through the oil layer is O(Ad). Thus the pressure 
may be regarded as constant through the oil layer; and since by standard boun- 
dary-layer theory p,(x, y) = p,(x,y), then 


Pol, Yy) = P(X, Y) = Pol, y). (7) 


If equations (1) and (2) are now divided by v,, the pressure terms may be 
written (with py = p,) 
lcp, ACcp A lop 
a ods Ete 9 (8) 
fly OX fl, CX Vy Pg Ck 
lop, Adp, Al Op, 


fe CY fy CY Vy Po CY 


(9) 


By boundary-layer theory, 6 is O(v}), while by Bernoulli’s equation pj; !ép,/2x 
and p~ 'ép,/cy are O(1). Thus the pressure terms in equations (8) and (9) are 
11-2 
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O(A/6?). Equations (1) and (2) may now be simplified by retaining terms of the 
highest order only, whereupon they become 


Ay) A 
Otte _ 1 eo 
V2 


(10) 


Oz2 py Ox’ 
wi “ 
Ov, lep 
i=. (11) 
Oz? py OY 

In equations (10) and (11) the pressure terms are known from the external flow, 
so that the equations are ordinary second-order equations for uw, and v,. These 
equations must be solved, in conjunction with the boundary-layer equations 








Ou Ou Cu 1 Cp O74, 
ya ty, +u,—=- = ras 
Ox oy ez pox oz? 
12 
Ov, Ov, Ov, 1 op 02y, ai 
Qa hy ha =a 
v dz pyey og* * | 
Ou, Ov, Cw 
se YF aid TO pala SY (13) 


-Ox Oy OZ 


to satisfy the boundary conditions (5) and (6). [Equations (12) and (13) strictly 
apply only to a flat surface, but they may be used for slightly curved surfaces. 
On more highly curved surfaces the full equations must be used (see, for example, 
Squire 1956).] 

A simple iterative approach, to be used here, isto Renegade 
and (11) satisfying the conditions uw, = v, = Oatz = 0, and 7, (Cu, /0z) = fy (Cu, /02), 
My (0v,/0z) = flo(Cv,/0z) at z = h. The third condition is then satisfied by finding 
a solution of the boundary-layer equations such that at z= h, u, = (u2),_), 
V, = (V2)z-~, Where (w.)._,, and (v,),_,, are found from the solution of the oil-flow 
equations. (The boundary condition w, = w, should also be applied but as w, is 
O(A, 6) this condition is replaced by w, = 0 at z =h.) This process is iterative 
since (0u,/0z),_,, and (0v,/0z),_, depen on (%),, and (v),,. However, since 
these velocities are O(A), the changes in (Cu, /6z),_,,and (0v,/0z),_,, are also small and 
so the process should converge quickly. 

By direct integration of equations (10) and (11), solutions which satisfy the 
two boundary conditions are found to be 


a 22 ~ \ 
Us = M( 4 (5 he) + (=) | | 
fox] \2 Ot Fos | 
1 2 “7 (14) 
Vy = M(- se) ( Iz) + (3) Pi | 
NA oy] \= ey ae, 
At the oil surface, z = h, these solutions give 
itin~io a }. 
7 \ 4 ex cz = i 
. (15) 


(V2)2-n = a ( se) n(2) 
\ 2 \ pu, cy 02 J exh 


which are the velocities needed in the solution of the boundary-layer equations. 
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The investigation of the boundary layer with the boundary conditions u, = Us, 
Vv, = Vv, is carried out in §$3 and 4, where it is shown that the change in the boun- 
dary-layer skin friction is small. 

It should be noted that the oil film, in addition to giving the boundary layer 
a non-zero velocity at the oil surface, also effectively changes the body shape, 
and hence the external flow. The latter effect, however, is small for thin oil 
films and is ignored. Then the boundary-layer equations can be solved for the 
original pressure distribution with the non-zero velocity condition transferred to 
the body surface, that is uw, = (uw), v, = (v2), at z = 0. 

It is advisable at this point to consider the range of validity of the order-of- 
magnitude analysis made in this section. Goldstein (1948) has shown that the 
approximations of boundary-layer theory break down in the immediate neigh- 
bourhood of separation; consequently, the equations for this oil flow, which are 
based on this theory, will also be invalid in this condition. As the main interest 
is to determine the position of separation, it is important to know how close to 
separation the simplified equations hold. A numerical study of the boundary- 
layer solution for a linearly retarded main-stream has shown that the equations 
are valid for 99-5 °% of the distance to separation. It is reasonable to assume that 
the simplified oil-flow equations are also valid in the same region. 


2.2. Hquation governing the thickness of the oil sheet 
So far the oil thickness / has been regarded as an arbitrary function of surface 
position and time. The equation satisfied by this function will now be determined. 
Consider the area A BCD in figure 1; then in time dt the increase in height multi- 
plied by the area dx dy is equal to the amount of oil which has moved on to the 
base ABCD less the amount which has moved off this area. In the infinitesimal 
limit, the equation for h becomes 
ch Q fh G ss 
x Uy dz — x | v2. (16) 
ct CL 59. ~ cy 
On the substitution for uw, and v, from equation (14), this becomes 
A ~ ~ 9 an 2 
lch_ (es h? 1 cph*) 
A ot Oe\\ 62 Jn 2 pon 3] 
0 ($2) h> 1 eph'\ (17) 
_—— j 
>) “ ‘ $ 
ah 2 fey 8) 
Equation (17) is a non-linear partial differential equation where the coefficients 
(Cu,/0z),_,, and Op/ox, Cp/cy are, in general, known only in numerical form. Thus 
solutions will usually have to be found by numerical methods. However, one 
simple solution has been found corresponding to flow near a stagnation point 
in two-dimensional flow. This solution is described in $3; the result of a direct 
numerical integration of equation (17) will be described in § 4.2. 


3. Oil motion near a stagnation point in two-dimensional flow 

Near a two-dimensional stagnation point, the velocity distribution in the 
streamwise direction outside the boundary layer is of the simple form wu = az; 
the oil flow in this case is of special interest because both the modified boundary- 
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layer equations and equation (17) can be solved. Making, as in standard boun- 
dary-layer theory, the transformation uw, = axf’(y), where 7 = (a/v,)}z and the 
accent denotes differentiation with respect to 7, we find that the two-dimensional 
boundary-layer equations (i.e. (12) and (13) with v, = 0) reduce to 


L'a) +f" MF) = {FN} (18) 
(cf. Goldstein 1938, p. 139). 
At the wall, z = 0, we have f’(0) = (u,),/az, instead, of the more usual value 
J‘() = 0. The other boundary conditions remain the same, i.e. f(0) = 0, f’(00) - 
The value of (w,), can be found from equation (15) to be 


(us), = Ar ae (; ) hf"(0) ) (19) 

so that f'(9) = " i +2) hf”(0) | =, say. (20) 
\v oe Vy) s 

In practice equations (18) and (20) must be solved by iteration, but before this is 


possible it is necessary to find k, which (by substitution of equation (19) in equa- 
tion (17)) is given as the solution of the equation 


} a 3\ 3 2 273 
fh ((C)rose8) 
” A 1 ad : ie 
3\ 3 2 23 
ise -(° f"(0) : a = — Ah?— Bh, say, (21) 
1/ = 1 


provided h is independent of x, which is true if / is constant at time ¢t = 0. 
Zquations (18), (20) and (21) now depend on the three parameters y, A and 
B, where y and A are functions of f”(0). Equations (18) and (21) can, however, be 
solved for arbitrary values of these parameters, and the solutions can be com- 
bined iteratively with equation (20) to find the solution of any particular problem. 
First consider equation (18). As (,), is O(A), this equation can be linearized 
by putting f’(7) = fo(y)+yq9'(y), where fo(7) is the standard two-dimensional 
solution and where g’(0) = 1, g(0) = 0,g’(00) > 0. Then q’(7) satisfies the equation 


9" (9) + fol) 9" (0) +.f0 (7) 0) = 2fo(7) 99) = 9. (22) 


This equation has been solved by standard numerical techniques to give the 
solution tabulated in table 1. 
The solution of equation (21) is readily obtained as 


1.1, B, h{A+Bh, a 
sala es ee — 

; ee oKi tte | 2 
Ol Ah,t = (x- I) +c log a7 CRI’ (24) 


where C = h,B/A), K = h/h, and h, is the oil height at t = 0. K is plotted against 
Ah,t in figure 2 for various values of C. 

These solutions for f(7) andh, can now be combined to find the oil and boundary- 
layer flow in the following particular case. The initial oil thickness is assumed to 
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be 0-018in. withA = 1 x 10-4, and the kinematic viscosity of air to be 2 x 10~* ft./ 
sec. The external velocity is assumed to be of the form U = 10'xft./sec (i.e. 
a = 10*sec-!). This corresponds, for example, to an aerofoil in an airstream of 
120 ft./see with the flow outside the boundary layer attaining the main-stream 
velocity at 0-144 in. behind the stagnation point. 











D} 9'() U} 9) 
0 1-000 2-0 0-053 
0-2 0-840 2-2 0-034 % 
0-4 0-686 2-4 0-021 
0-6 0-547 2-6 0-012 
0-8 0-425 2-8 0-007 
1:0 0-322 3:0 0-004 
1-2 0-238 3-2 0-002 
1-4 0-171 3-4 0-001 
1:6 0-119 3-6 0-000 
18 0-081 
g'(0) = —0-810. 
TABLE | 
1-0 ’ 
| | 
| 
08 eee Snes ie 








0-6 T | & | | 
\ Le 10 | | 
Y C=14 | 
\ 1 / C=01 | | 
0-4 <C 0 1 








K = (hi/h,) 




















Ah,t 


FIGURE 2. Variation of the thickness of the oil sheet at a stagnation point. 


Consider the oil flow at the start of the motion. In the first stage of the iteration, 
use is made of the standard two-dimensional solution for fj(0), from which 


f"(0) = fo(0) = 1-232 and so y = 4:3 x 10-3 (equation (20)). With this value the 


second approximation for f”(0) becomes 1-228, and there is no change in y. 
Thus, in this case, with a rather thick oil layer, the skin friction (which is pro- 
portional to f”(0)) is reduced by less than 4%. 

Now consider the motion after 10sec. Using f”(0) = 1-230 and the above values 
of h, and a, it follows that C = 5-8 and Ah,t = 65, so that from equation (24) K is 
approximately 0-015 and the oil thickness has been reduced to less than one- 
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sixtieth of its original value. This example, although of little practical interest, 
is of value from two points of view. In the first place the numerical results can 
be used to check the magnitude of the terms ignored in equations (1), (2) and (3). 
Also, the change in oil thickness is quite rapid in this case, so that it is possible 
that the unsteady boundary-layer equations should have been used. However, 
in the 10sec considered, y changes from 4:3 x 10-* to almost zero. Thus, 
dy/dt = 4-3 x 10-4sec— and, since u, = ax{f’(n) + yg'(y)}, du,/dt = ax x 4:3 x 10-4, 
In equation (12) the dominant terms near z = 0 are p; 1 0p/ox and v, 0?u,/0z?, and 
fp; 1ep/ex = —a*x. Thus the ratio of the unsteady term 0w,/ct compared with the 
dominant terms is a~! x 10-4 or O(10-5), which confirms that use of the steady 
equation is justified. 


4. General solutions of the equations of §2 

4.1. Effect of the oil on a two-dimensional boundary layer with an arbitrary 

pressure gradient 

In this section the effect of the oil on two-dimensional boundary layers is con- 
sidered. The extension to thfee-dimensional boundary layers would involve 
considerable numerical work, which has not been carried out since the analysis 
of the present section suggests that the effect of the oil is extremely smal! for 
cases which are likely to arise in practice. The method is based on the momentum 
equation; it is first shown that this equation is unaltered by the changed inner 
boundary condition,+ and then that the velocity can be represented by a modi- 
fied Pohlhausen profile. 

By integration of the two-dimensional form of the boundary-layer equations 
(12) and (13) with respect to z, the following equation is obtained 


: 5 2) P54 os 
Ou du ou ou 3 

| u, dz +| w,— dz =| Uy a dz—V, E | ‘ (25) 
0 oz 0 oz 0 ox CZ Io 


where p;!cp/ox has been replaced by u,(0u,/ex). Using the continuity equation, 
we reduce the second term of the left-hand side by writing 


$s 9 ‘ee De 
Ou, ; Cw, 
[ wa dz = [Wy Uy] — | Uy a— dz 
/0 Oz /0 
... Oe aia 
= [w,u,]o+ Ca dz. (26) 
‘ 


The lower limit of the term in square brackets is 0, since at z = 0 we have w, = 0 
(this is true although w, + 0); at z = db we have 


Thus equation (25) becomes 


6 a O67 6 a 2 
ou ou Cu Ou . 
2 [ u,—dz—u,| =tdz- [ Up ~dz =—y,|—"| . (27) 
i Ox Cx J Ca Oz Ino 


0 0 0 





t+ For convenience the inner boundary condition will be applied at z’ = 0 rather than 
z = h, and the dash dropped in the remainder of the paper. 
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This equation is exactly the same as the standard two-dimensional equation, 
and will be written 


= — i Ctlo (9 + Be (28) 
0x Uy OX Uo 
hy U,\ U if = 
where 6 =| ( - ) Adz; 3, = | (1 ~ ) dz, 
0 Uo) Uo J0 Uo 
0 (cu 
H=6,0, t= (‘ ) 
Uo \ C% 2-0 


Equation (28) may be solved in the usual manner by regarding w,/w,) as a poly- 
nominal function of z/d, satisfying certain boundary conditions. These conditions 
will now be considered. At the edge of the boundary layer, uw, tends smoothly 
to Uy. Thus, as in the standard method, 


At z= 0, we have w, = (u,), (i.e. the oil velocity). Thus, w/w = (U2),/U = Y, 
where y may be a function of 2. At z = 0, we also have w, = 0; thus, in equation 


12), a - ‘3 
(12), CU, O(Us)p OUp 
V1\ > = (U2), > — Moa - 
OF F ue Ox 0x 
oT] Up 02(u, /uU 
But Sen ee { if 0) 
oz" 2 @(z/6)? 
and therefore 
22/9, | 92 7 D 
: Atty/%o) = = 4, 2Cua)n_ oto] =A, aay. (29) 
0(2/0)" J--9 = 4 ox J : 


A Pohlhausen profile modified to satisfy these boundary conditions is 


(5) 205) G5) Jee -G) 1G) 


= l-y 
Uo ¥+{ )) 


Then, by integration of this function, it is found that 


é : ee : 
O = Sa t(l—y) (37+ 45°) — SACL + ey) — vag AY, (3h) 
315 i j 

ee as 

& = [39 136 —y)—A}, (32) 

Ouy Lf, A|\ Qs 

= = 2(1 —y)+—}. 33 

Ce). é| ( ”) 6) mm 


These values could be substituted into equation (28) to give an equation for A. 
Instead, a slightly different approach is used which leads to less numerical work. 
In this approach, H and / are regarded as functions of the parameters 


(@?/u9) (C?u,/€2?),.9 [=(@?/6?) A = a, say] 


and y. These functions, obtained from equations (31) and (32), are plotted in 
figures 3 and 4. 





170 L. C. Squire 


The method has been used to study the boundary layer developed by an 
external velocity of the form uw) = f)—/,%. The following cases have been 
assumed: y = 0, + 0-05, and y varying linearly from + 0-05 at the leading edge 
to —0-05 at the trailing edge.+ The resulting skin-friction curves are plotted in 
figure 5. From comparison with the curve in the absence of oil (y = 0), it will be 
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FicurE 4. The function l(a, y). 


seen that the major effect of the oil is where the skin friction approaches zero, 
that is in the vicinity of separation; the distance to separation is changed by at 
most 9°. In Appendix 1 values of y likely to be found in practice are investi- 
gated, and it is found that maximum values of y are of the order of 0-01. Thus, 
in general, the oil will only have a small influence on the boundary layer, changing 


+ Too many parameters enter a practical case for it to be tractable to use an actual 
distribution of y. However, in all cases y is positive at the leading edge and negative at 


separation. 
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the distance to separation by at most 2°%. It should be noted that y increases 
as the oil viscosity decreases, and thus the influence of the oil on the boundary 
layer increases with a decrease in oil viscosity. 

The accuracy of the present analysis for the boundary layer on a moving 


surface, as compared with the accuracy of the Pohlhausen method for a stationary 
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FIGURE 5. 


surface has been investigated briefly. For the case of zero-pressure gradient the 
skin friction as given by equations (28) and (30) has been compared with an exact 
solution of the problem (Squire 1956). The skin-friction values given by the two 
methods are in close agreement for all values of y between 0 and 1. With an ad- 
verse pressure gradient, the accuracy is more difficult to estimate; however, it 
has been found that for the velocity distributions wu = £,—/,2 and y > 0-15, 
the separation point begins to move towards the leading edge as y is increased, 
thus reversing the trend shown in figure 5 for y < 0-05. This forward movement 
of the separation point is contrary to the expected physical action of the moving 
surface and suggests that the Pohlhausen method becomes less accurate for 
large values of y. 


4.2. Variation of the thickness of the oil sheet with time 
The variation of the oil thickness h with time and position is determined by the 
solution of equation (17). Only one solution of this equation has been found, and 
this for the rather restricted case of the two-dimensional stagnation point. From 
the form of the equation it can be seen that in two dimensions a steady oil state is 
impossible, for in the steady state ch/ot = 0, and this would imply that 
C fh “h 


=| u.dz=0 or 
uJ0 J0 


u,dz = const. (34) 
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It would then follow that the amount of oil passing any point is constant, but 
since at the leading edge w, is zero, no oil passes that point and the constant in 
equation (34) is zero. Thus, by equation (17), it appears that 


1H2 CU, h3 1 Cp _ 
 \ozJ]o 3p,or 


. 3 (0 lo 
so that either h=@ of 4£=- =) / ee. (35) 
oz 


2 fy Cx 


The non-zero form of h is infinite at the pressure minimum, and so there is no 
steady form of h except = 0. (This result is also true on infinite yawed wings, 
since in this case the y-derivative of the integral of v, over the thickness h is 
zero.) 

In general, then, / is a variable function of time. No approximate method has 
been found to determine h, and it would appear that the only method is the 
direct numerical integration of equation (17). (Expansion in powers of ¢ was 
found to be only slowly convergent, even for very small values of t.) 

A numerical integration of equation (17) has been carried out for the oil thick- 
ness under a two-dimensional boundary layer with an external velocity distribu- 
tion of the form uw) = fy—/,x. In this case equation (17) may be written 

yy = ~ el YFO—AO'H} (36) 

ap) ae co ee ee 
where & = (f,/f)2,h' = (f,/v,)'h and f(é) is the non-dimensional skin friction 
given by Howarth (1938). The boundary condition was h’ = 0-5, for all &, at 
b=. 

The numerical integration of equation (36) is very long and laborious, and so 
only coarse steps have been used to determine the trends of the solution. In general 
the oil leaves the leading edge very quickly and flows downstream. Over the 
rear half of the region between the leading edge and the boundary-layer separa- 
tion, the oil thickness is almost uniform, but increases steadily with time. The 
indication from this rough calculation is that the actual amount of oil on the 
surface appears to increase, suggesting that there may be an inflow of oil from 
downstream of separation. 


5. Oil streamline directions 
In this section the oil-flow direction on a general surface is considered. From 
the oil velocities given in equation (14), the oil streamline direction is 
dy (0v,/¢: 2)2-9 + (Vip1)* (Cp/ey) {22 —h} an 
= SATE ; (37) 
dix ~ (8/22), + (1P1) (@p|azx) {2 — h} 
This direction varies between 
(0v,/02),9 — (h/v1P1) Op/ey 
(Cu, /0z),9 — (h/V1p;) Cp/ox 
(60/02), — (h/2, p,) Cp/cy 


/ 


at the wall, and < 
ileal a (0u,/0z),_9 — (h/2v,p,) Op/ox 


at the oil surface. 
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The direction of the boundary-layer surtace streamlines in the absence of the 


oil is : s 
Cv": Ou, 
Cz 2=0 cz z 0 


In general the pressure term is small compared with the skin-friction term, and 
so has only a small influence on the oil direction except near points of small skin 
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FIGuRE 6. Oil streamline pattern on a yawed wing. 


friction—for example, near separation. In figure 6 the oil streamlines at the wing 
surface and at the oil surface on an infinite swept wing are drawn. The chord-wise 
velocity on this wing was assumed to be of the form? uw) = fy — 4,2; theskin friction 
was then found from the power-series solution (Howarth 1938) and the cross-flow 
by an approximate method (Squire 1956). The oil streamlines were considered 


+ The constants /, and /, are related to the velocity of an R.A.E. 104 aerofoil; details 
are given in Appendix 1. 
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for a stage when the oil height varied linearly from zero at the leading edge to 
twice its original height at the separation point (starting from an initial uniform 
height of 0-001 in.). (The oil thickness at other conditions, i.e. with a non-linear 
variation along the surface, did not greatly affect the results as plotted.) It will 
be seen in figure 6 that the two oil streamlines closely follow the surface streamline 
with no oil on the surface, except that the oil streamlines become parallel to the 
leading edge before the surface streamline. 
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Eichelbrenner & Oudart (1955) have shown that on a general surface the 
surface streamlines form an envelope at the separation line, and an envelope 
of the oil streamlines is usually taken as indicating separation. On a yawed 
infinite wing, the envelope is parallel to the leading edge. Thus, in figure 6, the 
oil tends to indicate separation too early. 

Changes in oil thicknesses, forward speeds, and velocity distributions do not 
affect the shape of the curves but merely the relative position at which the 
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curves become parallel to the leading edge; the actual positions are given by the 


=) h cp ‘ 
Oz }q Vypyex 


and ($4) = h oP nif 


2 ae oe © 
Cafe yf, 


two points at which 


\ 


With the mean of these two points taken as the separation point indicated by 
the oil, the reduction in separation distance, as a percentage of the chord, for 
various speeds and model sizes is plotted in figure 7. 

These curves, which are independent of the oil viscosity, are useful as guides 
to the thickness of oil which should be used. For example, with a velocity normal 
to the leading edge of 600ft./sec and a chord of 6in., an oil height of less than 
0-0005in. must be used to keep the separation line indicated by oil within 1% 
of the true separation line. For a chord of 24in. and the same velocity, the oil 
thickness can be doubled while still giving results of the same accuracy. 


6. Extension of the results to turbulent and compressible boundary 
layers 
6.1. Turbulent boundary layers 

So far the analysis has been confined to laminar layers since the calculation of the 
boundary layer in this case is relatively simple. In this section the flow under a 
turbulent boundary layer is studied in a qualitative manner. Within the oil 
layer the equations of motion, and the boundary conditions, are unaltered, 
provided that the boundary condition defining equality of stress is written 


fz 0Us/02 = (Tz)y, fly OV2/02 = (Ty)1, (38) 


where (7,), and (7,), are the z- and y-components of the mean skin friction (i.e. 
mean with respect to time) in the turbulent boundary layer. With this form of 
boundary condition the oil-velocity components become 


L {op (2 | PY 
ly = — {= -— NZ seers 39 
a= |e (She) + rae (39) 
1 (cp (2° 
O, = ie \ ( _ hz) + (ryia}, (40) 


with corresponding forms for the streamlines. 

To make use of these equations would involve the calculation of (7,), and 
(7,,),, and so far no method is available for such a calculation in the general case. 
Even for the case of the infinite yawed wing, experimental results show that the 
chordwise flow is not sufficiently independent of the cross-flow to be found by two- 
dimensional methods. Thus, even in this simple case, two-dimensional values 
may not strictly be used in equation (39) to determine the apparent separation 
line. However, such results are probably adequate to indicate the order of the 
distance between apparent and actual separation. For this purpose experimental 
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results quoted by Goldstein (1938) for a cylinder and an aerofoil (t/¢ = 15%) 
are used in equations (39) and (40). These experimental results give values of the 
skin friction and the pressure distributions on a cylinder of 5-89in. diameter at 
Reynolds numbers between 1 x 10° and 2-5 x 10°. Similar measurements are 
given for the aerofoil at various incidences. 

From the results quoted for the aerofoil (and the cylinder at the higher Rey- 
nolds numbers), it is found, for oil thicknesses of 0-005 in. and less, that the change 
in the separation point as indicated by the oil is of the same order as in laminar 
flows. Since on the wing the flow is now attached over most of the surface, the 
ratio of apparent attached flow to actual attached flow will be closer to unity for 
turbulent boundary layers than for laminar tlows. 

The flow on the cylinder is initially laminar, but becomes turbulent before 
separation. The skin friction on the cylinder increases with distance from the 
stagnation point, reaches a maximum near the minimum pressure point, and 
then decreases again. At transition the turbulence causes the skin friction to 
increase again, before it finally becomes zero at the separation point. At the lower 
Reynolds numbers the skin friction at transition is quite low, whereas the pressure 
gradient is quite large, and substitution of the quoted values in equation (39) 
shows that w, could be zero at the transition point for an oil thickness of about 
0:005in. So, on a yawed cylinder, the oil streamlines could form an envelope at 
the transition line. In the absence of any other information, this pattern could 
be erroneously interpreted as a laminar separation followed possibly by a turbu- 
lent reattachment. 


6.2. Boundary layers in compressible flow 

In § 2 it has been shown that the velocity is very much smaller in the oil than in 
the external flow; thus, even in cases where the external flow is supersonic, 
the flow is still governed by the equations of slow viscous motion, and the solu- 
tion is as in equation (14). It therefore seems probable that the oil pattern will 
be similar to that discussed in §5 for incompressible flows. However, the flow 
may now be complicated by the presence of shock waves. The pressure rise 
through a shock may be sufficient to separate the boundary layer, and the infer- 
ences made in §5 about the oil motion in the region of separation will also apply 
to such shock-induced separations. In §5 it was shown that near separation the 
oil velocity becomes zero before the boundary-layer skin friction is zero, and 
in this case also the oil may be expected to indicate an earlier separation. For a 
linear adverse pressure gradient, it has been shown that the oil indication under- 
estimates the distance to separation by, at most, 5%. As the upstream influence 
of the shock wave in the boundary layer is of the order of 100 boundary-layer 
thicknesses, it would appear that the error in indicated separation will be of the 
order of 5 boundary-layer thicknesses. 

Another effect at higher speeds is that of aerodynamic heating, and heat 
transfer. In general the heating will change the oil viscosity and so the ratio A 
will become a variable depending on the state of the boundary layer. However, 
provided this change in A is not too great, the main effect on the oil pattern will 
be small since, as shown in §5, the actual pattern is independent of oil viscosity. 
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7. Application of the results obtained to the interpretation of wind- 
tunnel oil-flow patterns 


In this paper the motion of a thin oil sheet has been studied, as the first stage 
in the understanding of the oil-flow patterns obtained in model testing. If the 
oil actually moved as a sheet, the resultant oil pattern would supply only limited 
indication of the oil motion: the only features to be seen would be separation, 
where the oil would accumulate upstream, and regions of high skin friction, such 
as under a vortex, where the surface would be cleared of oil. Generally in practice, 
the oil, although applied as a sheet, moves in filaments, which provide more 
detailed information on the direction of the oil motion. The motion of these 
filaments depends on a different set of equations to those considered in this 
paper. However, the mechanism of the motion is probably similar; that is, the 
resultant force acting on the oil is a balance between the pressure gradient outside 
the boundary layer and the stress due to the boundary-layer skin friction. Thus 
it may reasonably be supposed that the description of the oil-film motion also 
applies qualitatively to the motion of the filaments, and that the orders of magni- 
tude of the changes in separation point are similar in both cases. Stalker (1955) 
has studied the mechanism which results in the formation of the filaments, and 
by order-of-magnitude considerations shows that these filaments do in fact 
follow the surface streamlines except near separation. 


8. Conclusions 

A solution has been obtained for the motion of a thin oil sheet moving on a 
surface under the influence of a boundary layer. The following deductions are 
made from the analysis. 

(a) The motion of the oil relative to the boundary layer. The oil follows the 
boundary-layer surface streamlines except near separation where it tends to 
form an envelope upstream of the true separation envelope. This early indication 
of separation is expected to occur for both compressible and incompressible flow; 
it is less marked for turbulent than laminar layers. The distance by which 
separation is apparently altered depends on the oi! thickness, and the model size, 
but it is independent of the oil viscosity (provided this viscosity is much greater 
than the viscosity of the fluid of the boundary layer). 

(b) The effect of the oil flow on the motion of the boundary layer. This effect is 
very small in most practical cases but increases as the oil viscosity decreases. 

(c) Interpretation of the oil pattern at low Reynolds number. Results at low 
Reynolds number should be treated with caution as transition could be errone- 
ously interpreted as separation. 


Appendix 1. Values of the constants Bp, B,, (§§ 4, 5) and the constant y 
(equation (20)) 

In most of the boundary-layer problems in this paper, the velocity outside the 
boundary layer has been assumed to have linear variation along the chord of the 
form uy = fy—/, x. The constants can be related to the velocity distributions on 

12 Fluid Mech. 11 
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the upper surface of the R.A.E. aerofoil sections (Pankhurst & Squire 1950), ifit is 
assumed that the velocity varies linearly from the value at the maximum suction 
point to the value at the trailing edge. For all sections with lift coefficients in the 
range 0:2 < C, < 0-6 it has been found that 1-2u) < fy < 1-8) and 


0-3u,/C < fp, < 0-9u,/C. 


All calculations have been carried out with the typical values, fy = 1-5u , 
f, = 9-6u,/C. 

The constant y (equation (20)) may be evaluated for the external flow 
Uy, = fy —f, x. Using the skin friction f(€) quoted by Goldstein (1938), the oil 
velocity at the oil surface (equation (15)) becomes 


Mol —£) yA ne) h— > fobil-2ie, (41) 


where F = (B,/Bo)x 
Then y, the ratio of the oil velocity to the mainstream velocity, becomes 


5 
y= hi seyn—Prne|. (42) 


This parameter has been used in the calculation of the effect of the oil on the 
boundary-layer flow, and a maximum value of this parameter is required. It 
is not possible to find the maximum by standard methods since the variation of 
h with & (or x) is not known. However, with practical oil thicknesses and 
B, = 0-6u,/C, it is found that (h?f,/v,) is at most 1. Also f(£) is O(1), except close 

to the leading edge. Thus the maximum value of y is O(A). The maximum value 
of A found in practice is 0-02 for paraffin in a wind tunnel; for the type of heavy oil 
used in high-speed tunnels, A and hence y are O(10-*). 


Appendix 2. The equality of viscous stress at the air/oil interface 


Equation (6) states the conditions that the viscous stresses shall be equal 
across the air/oil face. The condition given is strictly valid only for an oil surface 
parallel to the body surface, i.e. z = const. However, this paper is concerned 
with oil layers with thicknesses varying with position, that is, the oil surface is 
given by z = f(x, y). The purpose of this Appendix is to show that equation (6) is 
valid for such surfaces provided 02z/0x, 0z/dy are o(1/0). 

The proof will be given for a surface z = f(x). Ata point on this surface direction 
cosines to the surface normal, in the plane y = const., are / and n, and the velocity 
along the surface in this plane is ny (43) 


The derivative of this velocity along the surface normal is 


Ou Ou Cw ow 
I? + In| — —-— ]| —n? —. (44) 
Cz Ox O02 Ox 


Thus the strict boundary condition at the interface is 


ou Cu, ow ow Uy OW, ow. = 
P= —! +In{ — —-4} —n? ee Hs pa sin sins a —*| —n? —*}, (45) 
Ox Oz ox} Ox «02 0x 
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In the boundary layer 0u,/0z is O(1/6), Cw,/ex, dw,/cz are O(1) and Cw,/ex are 
O(6). Thus, provided n/l is 0(1/6), the dominant term on the left-hand side of equa- 
tion (45) is “4,1? du,/ez. In the oil flow, dw,/0z, Cu./6x are of the same order of 
magnitude, by the continuity equation, and u, = u., w, = w, at the oil surface. 
Thus we might expect the terms on the right-hand side of equation (45) to have a 
similar relationship to each other. In this case equation (45) reduces to equation 
(6). The use of equation (6) in §2 gives a solution which confirms that the terms 
in equation (45) can be dropped. Thus equation (6) holds for the surface z = f(x) 
provided the ratio of n/I, or 0z/0x, is o(1/6). A similar result holds for z = f(x, y). 

The analysis of this Appendix again breaks down in the vicinity of the separa- 
tion point. However, the region affected is the same as that for the analysis of 
$2 so that the region of validity is not reduced further. 
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The motion of a shock-wave through a region 
of non-uniform density 
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The method of characteristics is used to calculate numerical solutions for the 
one-dimensional motion of a plane shock-wave through a stationary gas which 
contains a region of non-uniform density. These solutions are compared with those 
given by the Chisnell-Whitham approach which ignores the effects on the shock- 
wave of the disturbances which are generated in the flow behind it, and also with 
the asymptotic solution given by the simple theory which regards the non- 
uniform region as a contact-surface discontinuity. It is concluded that the 
results of the simplified theories must be applied with caution. 





1. Introduction 

Consider the one-dimensional unsteady flow in which a plane shock-wave 
propagates into a stationary gas which contains a stratum from 2 = 0 tox = 1 
in which the density changes from a value py which is constant for x < 0toanother 
value p, which remains constant for x > 1. Figure 1 is a representation of the 
resulting flow in the distance-time (a, t) plane. 

The shock-wave is represented by the line OAB and, before it meets the region 
of non-uniform density, it has a constant shock Mach number* J/,, and the flow 
behind it is uniform. The shock strength changes in the non-uniform region 
between O and A and reflected waves are produced. As these reflected waves 
pass through the non-isentropic region OLC between the shock and the particle 
path through O, further waves (which will be called re-reflected waves) are pro- 
duced which travel in the same direction as the shock and eventually overtake 
it. These re-reflected waves influence the rate of variation of shock strength 
between O and A and they also cause the shock to continue to alter in strength 
after it has passed through the non-uniform region at A. To the left of OC, the 
reflected waves form a simple wave system—unless, of course, they are compres- 
sion waves, in which case another shock and further re-reflected waves are 
eventually formed. 

Chisnell (1955) obtained an expression for the change in strength of a shock- 
wave at an infinitesimal density discontinuity. He then integrated this expres- 
sion to obtain a relationship between shock strength and density. This approach, 
which had previously been applied by Moeckel (1952) to the corresponding inter- 
action in two-dimensional steady flow, ignores the influence of the re-reflected 


* The shock Mach number is defined as the ratio of the speed of the shock-wave to the 
speed of sound in the gas in front of it. 
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waves. Chisnell (1957) used a similar method to treat the interaction of a shock- 
wave with a non-uniformity in area, and the approach was further generalized 
by Whitham (1958) who applied it to a large number of non-uniform shock-wave 
propagation problems. The results of this approach will be referred to as Chisnell— 
Whitham solutions. 

When the density change is discontinuous, the non-uniform region reduces to 
a contact surface and the solution is easily obtained (Paterson 1948). As noted 
by Chisnell, this solution must give correctly the ultimate strength of the trans- 
mitted and reflected waves. The results of this approach will, therefore, be 
referred to as the asymptotic solution. 
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FicureE 1. Distance—time diagram for motion of shock-wave through region of 
non-uniform density. , Reflected waves; —.—.-, re-reflected waves. 


The Chisnell-Whitham approach gives a gradual change in shock Mach number 
or strength between O and A and then a constant value beyond A. In general, 
there is a considerable discrepancy between this value and that given by the 
asymptotic solution, and little is known about the rate at which the asymptotic 
state is reached. However, the advent of high-speed electronic computers has 
made it possible to obtain complete numerical solutions by the method of 
characteristics on a sufficiently extensive scale to enable a realistic assessment 
to be made of the value of the Chisnell-Whitham approach. The object of this 
note is to present such an assessment for this particular shock-wave interaction 
problem. 


2. Description of method 

The appropriate characteristics relationships and boundary conditions 
(e.g. Rudinger 1955) were set up in a form suitable for automatic computation 
and were programmed, using a simplified coding scheme, for the SILLIAC 
digital computer in the University of Sydney. The calculations were made for 
a perfect gas. 

The programme specified the (a) mesh length along the shock-wave. This was 
reduced where there was a large gradient in shock strength and was made 
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particularly small near the discontinuity in density gradient at A. Table 1 shows 
a typical effect of mesh size on the accuracy of the calculation. The shock Mach 
number quoted is that at A (x = 1) for M,, = 4, with the density varying linearly 
from py = 1 to p, = 0-125 and a specific-heat ratio y = $. 

Sufficient accuracy was obtained here for an average mesh length at the shock 
of less than 0-05. The solution eventually oscillated about the result given by the 
asymptotic solution; for reasonably small mesh sizes the amplitude of these 
oscillations was of the order of one-tenth of 1 °% of the asymptotic shock Mach 
number. A typical calculation involved a total of about 500 mesh points and 
required about 30 min. computing time. The Chisnell-Whitham and the asymp- 
totic solutions were also programmed for automatic computation. 





Average mesh Shock Mach 
length at shock number at x= 1 
0-2 2-553 
0-1 2-506 
0-05 2-500 
0-025 2-499 


TABLE 1. Influence of mesh size. 





3. Results and discussion 


The accuracy of the Chisnell-Whitham approach was found to depend on the 
shock Mach number, the specific-heat ratio of the gas, the shape of the density 
profle and the magnitude of the density change. 

Figure 2 shows an example (for M/, = 1-1, py = 1, p; = 0-125 and y = $) in 
which the Chisnell-Whitham solution provides an excellent description of the 
flow. The shock Mach number given by the characteristics solution is indis- 
tinguishable from that given by the Chisnell-Whitham solution up to the end 
of the non-uniform region and it then tends very slowly to the asymptotic solution 
—at 2 = 10it has changed by only one-tenth of the difference. On the other hand, 
figure 3 (for M,, = 4, p) = 1, p, = 32 and y = $) is an example in which the 
Chisnell-Whitham solution gives little more than the initial slope of the curve 
of shock Mach number against distance. At x = 1, the characteristics solution 
gives M, = 7-963 compared with M, = 9-985 by the Chisnell-Whitham method 
and M, = 7-582 by the asymptotic solution. If the pressure ratio across the shock 
were used as the measure of shock strength, the corresponding figures would be 
74-98, 116-2 and 68-07. The asymptotic shock Mach number is, in fact, effectively 
reached byx = 1-5, orina distance beyond the end of the non-uniform layer which 
is much less than the thickness of the layer. This asymptotic shock strength is 
calculated on the assumption that the reflected waves do not form a shock-wave. 
However, as noted in the introduction, this is not always true but, even in this 
extreme example, the asymptotic shock strength would be altered by only 
1-5 % to M, = 7-492. This adjustment would take place over a distance which is 
very large in comparison with the thickness of the non-uniform layer. 

Part of the contrast between the performances of the Chisnell-Whitham 
approach in these two examples can be attributed to the fact that in the first 
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the density decreases whilst in the second it increases. (Unless otherwise 
stated, the density variation with distance in all these examples is linear.) This 
effect is illustrated in figure 4 which is for M,, = 4, py = 1, p, = 8 or 0-125, and 
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FicurE 3. Example of poor performance by Chisnell-Whitham solution. 
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y = 4. For the positive density gradient, the shock Mach number at A (x = 1) 
has made up 73% of the difference between the Chisnell-Whitham solution and 
the asymptotic solution, and the latter is effectively reached at x = 1-75. How- 
ever, when the density decreases the corresponding figures are 19 °%% and w = 5-5. 
It is noticeable that for the increasing density the major part of the increase in 
shock strength occurs near x = 0 so that the re-reflected waves have a consider- 
able influence on the shock before it reaches x = 1. Opposite considerations apply 
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for the decreasing density and the re-reflected waves do not overtake the shock 
for a considerable distance. This suggested dependence on the shape of the 
density profile is confirmed in figure 5 which is for J/,, = 4, py) = 1. p, = 8, y = 4 
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Ficure 4. Influence of density gradient. y = 2. 
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and a density proportional to x? or 23. The performance of the Chisnell-Whitham 
solution is far better when the major changes occur near the end of the layer. 
Apart from this dependence on the density profile, the rate at which the 
asymptotic solution is approached for a given specific-heat ratio is largely a 
function of the shock Mach number. This is illustrated in figure 6 which shows 
M,/M,, as a function of distance for py = 1, p, = 8, y = § and M, = 1-1, 2and 16. 
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Note that, for the increasing density, the characteristics solution is well below 
the Chisnell-Whitham solution even for an initial shock Mach number as low 
as 1-1. 
Figure 7 (for M, = 4, py = 1, p,; = 8 and y = 3 or }%) illustrates the effect of 
So / ‘ é 
specific-heat ratio. For the lower value of specific-heat ratio, the asymptotic 
shock Mach number is approached far more quickly than for the higher value. 
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FIGURE 6. Influence of initial shock Mach number. y = 2. 
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The magnitude of the over-all change in density does not have any profound 
effect on the comparisons between the solutions. A large over-all change merely 
serves to magnify the differences and vice versa. 

It is clear from these results that, given a combination of a weak shock-wave, 
a favourable density profile and a gas with a high ratio of specific heats, the 
Chisnell-Whitham approach can furnish an excellent quantitative description 
of the flow. However, for strong shock-waves in gases with low ratios of specific 
heats, the results given by the simple contact surface discontinuity theory can 
be more meaningful. If a detailed solution is required in a general case, there 
does not seem to be any real substitute for a full numerical analysis. 
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Cavity flow past a slender pointed hydrofoil 


By E. CUMBERBATCH Anp T. Y. WU 


California Institute of Technology, Pasadena, California 
(Received 1 July 1960 and in revised form 3 April 1961) 


A slender-body theory for the flow past a slender, pointed hydrofoil held at a 
small angle of attack to the flow, with a cavity on the upper surface, has been 
worked out. The approximate solution valid near the body is seen to be the sum 
of two components. The first consists of a distribution of two-dimensional 
sources located along the centroid line of the cavity to represent the variation of 
the cross-sectional area of the cavity. The second component represents the cross- 
flow perpendicular to the centroid line. It is found that over the cavity boundary 
which envelops a constsnt pressure region, the magnitude of the cross-flow 
velocity is not constant, but varies to a moderate extent. With this variation 
neglected only in the neighbourhood of the hydrofoil, the cross-flow is solved 
by adopting the Riabouchinsky model for the two-dimensional flow. The lift is 
then calculated by integrating the pressure along the chord; the dependence of 
the lift on cavitation number and angle of attack is shown for a specific case of 
the triangular plan form. 





1. Introduction 

In the operation of propellers, pumps and high-speed water-craft, cavitation 
occurs when the effect of high speed or low ambient pressure is sufficient to re- 
duce the local fluid pressure to the vapour pressure. The latter cause, of low am- 
bient pressure, often results from the operation of a hydrofoil near a free surface, 
sometimes with the cavity being ventilated by the atmosphere. It may seem 
desirable from several practical viewpoints that a hydrofoil boat should be sup- 
ported by hydrofoils of small aspect ratio. With this and other applications in 
mind, an analysis of the problem of cavity flow over a slender hydrofoil is pre- 
sented in this paper. 

Only one attempt on a problem of similar type has come to the notice of the 
authors. This work is due to Tulin (1959) who considered fully cavitating flow 
past a pointed delta wing at a small angle of attack. Conical flow was assumed and 
it was shown that such a régime of flow was in evidence over most of the wing 
only when the total apex angle of the delta wing was at least 30°. Also. only 
flows having long trailing cavities (i.e. flows operating at zero cavitation number) 
were considered. Some results for flows operating at small cavitation numbers 
were inferred using formulae valid for two-dimensional theory. It is evident that 
the model treated by Tulin does not satisfy the slenderness conditions of the 
present paper and hence there exists no common range of validity for any com- 
parison of results of these two cases. 
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The problem, formally presented in § 2 below, is that of the cavitating flow over 
a pointed hydrofoil placed at a small angle of attack in an otherwise uniform 
stream. The flow, separating from the sharp side and trailing edges of the hydro- 
foil, forms a cavity which envelops the entire upper surface and is assumed to 
close at some position downstream of the trailing edge. The system of the hydro- 
foil and the cavity is assumed to be slender. This means that the maximum lateral 
dimension of the system is small compared with the total length of the cavity. 
The flow is assumed to be inviscid, irrotational and incompressible. A velocity 
potential therefore exists for the flow outside the cavity, and will satisfy the 
Laplace equation in three dimensions. Appropriate boundary conditions (apart 
from the condition of uniform flow far upstream) on the velocity potential are 
applied at the wetted side of the hydrofoil and at the cavity boundary; these are 
the following. The kinematic condition on a stationary surface is that the flow 
velocity must be tangential to the boundary. This condition is applied both on 
the cavity and hydrofoil boundaries. The dynamic condition, that the pressure 
in the cavity is a constant, must also be applied on the cavity boundary. It is 
to be noted that the position of the cavity boundary is not known a priori, but 
is determined by the flow conditions. Hence the boundary conditions on the 
cavity are applied on an undetermined surface; the problem is thus essentially 
non-linear. This is a general feature complicating most free-surface flow pro- 
blems. In this analysis the gravity effects are neglected (a very reasonable 
approximation for high speed). 

The method of investigation of the problem of supersonic flow past a slender 
body of general cross-section, developed by Ward (1949) is adaptable to subsonic 
flow with slight modifications. The Laplace equation for the incompressible flow 
indicates that a Fourier, instead of a Laplace, tra..sformation may be made to 
this equation. The analysis and results obtained by Ward then follow in similar 
fashion for the incompressible case. For completeness, this modified analysis for 
the incompressible case is presented in brief form in §2. A solution is obtained 
there in terms of an infinite series of Bessel functions. This solution is expanded 
for use near the body, where the boundary conditions may be used to estimate 
the size of the terms in this region. The result, obtained by Ward for the super- 
sonic case, that the perturbation velocity in the downstream direction is of 
smaller order than the perturbation velocities in the lateral directions is shown 
to remain valid in the present case of incompressible flow past a slender cavity- 
hydrofoil system, since the same kinematic boundary condition holds on the 
free-cavity boundary as on the solid hydrofoil boundary. 

The approximate solution valid near the body is seen to be the sum of two com- 
ponents. The first consists of a distribution in the downstream direction of func- 
tions representing two-dimensional sources in planes perpendicular to the down- 
stream direction. The source strength varies with distance downstream in such a 
way as to represent the effect of the variation of the cross-sectional area of the 
body. The second component is the component of the total flow in planes per- 
pendicular to the downstream direction and is called the cross-flow. In the flow 
past a slender solid body (cf. Ward 1949, and Sacks 1954), the best approximation 
may be obtained when the cross-flow planes are chosen perpendicular to the line 








of 

dir 
is t 
the 
sep 
axi 
the 
The 
the 
flov 
vel 
in t 
whe 
sep: 
the 
flow 
stre 
fash 
able 
ove 
com 
whi 
atw 
ded 
Wu 














Cavity flow past a slender pointed hydrofoil 189 


of centroids of the cross-sections of the body. Since only bodies of small camber 
are considered, this line may be approximated by a mean straight line. The 
axial source-like component of the flow is then assumed to satisfy the kinematic 
boundary condition on the body. Physically this means that in the interpretation 
within the framework of the slender-body approximation, the cross-flow is set 
up in such a way that the flow at moderate and large distances from the body 
axis senses only the mean location of the centroids of the body cross-sections and 
the variation of the cross-sectional area, and is not affected by the local geometric 
details of the surface of the body. The cross-flow at a particular station down- 
stream has then to satisfy zero normal-flow conditions on the body and hence 
represents the two-dimensional flow past a body whose shape is given by the 
cross-sectional shape of the body at the station chosen. The solution of this flow 
is then obtained by the usual potential-flow methods. It is to be noted that the 
cross-flow is a two-dimensional problem only when the boundary conditions do 
not involve flow derivatives in the axial direction, as in the case of the flow past 
a solid body without separation or cavitation. 

In the present case of the cavity flow over a slender hydrofoil, the problem 
has certain additional complexities. A complicating factor, again arising from 
the fact that the shape of the cavity is not known a priori, is that the centroid 
line of the cavity-hydrofoil cross-sections is also unknown. In other words, this 
centroid line is to be determined as a part of the problem. Asa result, the direction 
of the centroid line of the cavity-hydrofoil cross-sections (and hence also the 
direction of the cross-flow) must be considered as an unknown parameter, which 
is to be determined subsequently by the analysis of the flow. With this in mind 
then, the approximate solution valid near the cavity-hydrofoil system may be 
separated as explained above into components along, and perpendicular to, the 
axis of the centroids. The axial component represents the variation of the area of 
the cavity-hydrofoil cross-sections, which are also to be determined subsequently. 
The axial flow is again assumed to satisfy the kinematic boundary condition on 
the cavity and on the hydrofoil. The cross-flow is then the component of the total 
flow in planes perpendicular to the axial direction and must satisfy zero normal- 
velocity boundary conditions on the cavity and on the hydrofoil. The cross-flow 
in this case is the potential flow in a plane past a plate set normal to the stream, 
where the plate is the shape of the hydrofoil at the section chosen. The flow 
separates from the edges of the plate to form a cavity on the rear side. However, 
the pressure condition on the cavity connects velocity components in the cross- 
flow directions with the velocity component in the axial direction. The down- 
stream co-ordinate therefore enters the problem in more than the parametric 
fashion of the non-separating solid-body case. To reduce the problem to a tract- 
able form, it is assumed that the axial velocity component has a constant value 
over the cavity. It is deduced in the subsequent analysis that in fact this velocity 
component over the cavity differs only slightly from a constant, the value of 
which is also determined. With this assumption then, the cross-flow reduces to 
a two-dimensional cavity-flow problem. The solution to this flow problem may be 
deduced using a variety of models for the flow; for discussion of these models, see 
Wu (1956). It is found convenient to use the Riabouchinsky model, in which an 
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image plate is introduced downstream of the real plate. This model provides a 
good description of the flow near the real plate and estimates the force on the 
plate fairly accurately. The cross-flow solution is derived in this manner in §3. 

The lift on the plate is determined in § 4 by integration of the normal pressure 
over the plate. It is seen that the lift is composed of parts due to the cross-flow, 
the axial flow and cross-product terms of these flows. In addition, the depend- 
ence on cavitation number and angle of attack is of a non-linear form and pre- 
cludes any simple interpretation of the terms in the lift force as given by Ward 
and Sacks for the non-separated flow past a slender solid body. This is due to the 
fact that the present analysis represents in an approximate way the wake effects 
of a real fluid. 


2. Formulation of the problem 

The problem considered is that of the supercavitating flow past a slender 
pointed hydrofoil, placed at a small angle of attack in a stream of velocity V 
and pressure p,, far upstream. The hydrofoil is taken to be a plate which is pointed 
at the leading edge and may liave a small camber in the downstream direction. 
A cavity, in which the pressure has a constant value p,, is assumed to have been 
generated to envelop the entire upper surface of the plate, starting from the sharp 
side and trailing edges of the plate and extending to some position downstream 
of the trailing edge (see figure 1). Physically this situation can be realized at 
sufficiently small values of the cavitation number, 

o = (Po—Pe)/2PV*, (1) 
p being the density of the fluid. The total system of the plate and the cavity is 
assumed slender enough for the approximations adopted in the slender-body 
theory to be valid. The flow exterior to the plate-cavity system is assumed to be 
incompressible, inviscid and irrotational, in which case there will exist in this 
region a perturbation velocity potential which will satisfy the three-dimensional 
Laplace equation. 

It has been pointed out in § 1 that the velocity potential of the flow past slender 
bodies may, in the vicinity of the body, be separated into two parts. One part 
is the source-like component which represents the effect of the variation of the 
cross-sectional area of the body; the other part is the doublet-like component 
which is actually the cross-flow in planes perpendicular to the body axis. Thus, 
in the case of non-separated (or non-cavitating) flow past a slender body, the 
free-stream velocity is resolved into components parallel and normal to the body 
axis, which is taken to pass through the geometric centroids of the cross-sectional 
area of the body at different stations. The situation is certainly different in the 
present case of the cavity flow over the slender plate, since the cavity boundary is 
not known a priori and the centroid line of the cavity-plate system must be 
determined as a part of the problem. Presumably, for the purpose of determining 
this cross-flow, the cavity boundary may be regarded as a solid boundary since 
the same kinematic condition is applied there as would be applied to an equiv- 
alent solid boundary. The centroid of a cavity-plate cross-section is thus taken as 
the geometric centre of the two-dimensional cavity behind a plate set normal to 
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the cross-flow, the shape of this plate being the shape of the hydrofoil at the sec- 
tion chosen. It is assumed that when the cavity of the slender body is sufficiently 
long, the curvature of the line passing through the centroids of the cavity sections 
is negligibly small (at least in the region over the plate), so that it may be taken as 
a straight line. This line will be at a small angle, say ¢, to the free-stream direction 
and will lie between this direction and the inclined slender plate. It should be 
emphasized that the angle ¢ is to be determined in the subsequent analysis of the 
problem. 


Ax 











FicureE 1. The supercavitating flow past a slender pointed hydrofoil and the 
co-ordinate system. 


Now that the method of determining the direction of the cross-flow has been 
explained, it is convenient to take axes in and perpendicular to the cross-flow 
plane. A Cartesian co-ordinate system (x, y,s) is taken fixed at the leading edge 
of the hydrofoil with the s-axis pointing along the line of centroids of the cavity- 
plate system (which is assumed straight) and the y-axis taken parallel to the 
span of the hydrofoil (see figure 1). In this co-ordinate system the free-stream 
velocity has the vector form (V sine, 0, V cose). In general, the hydrofoil may 
have a small camber 


or 


bi 


(s). (2) 


The angle of inclination, «, of the hydrofoil is taken to be the angle between the 
free-stream direction and the line joining the leading edge to the mid-point of the 
trailing edge of the hydrofoil. The half-width of the slender plate at any station s 
is taken as 0(s), the total length of the plate being normalized to unity. 

The perturbation velocity potential of the flow is taken to be ¢(z,y,8), 
which is made non-dimensional, such that the flow velocity q is given by 


alV = ($24,,c0se + ¢,). (3) 
Hence, at large distances from the cavity-plate system, 
g@—xsine>0, ¢,—-sine>0, ¢,,4,>0. (4) 


The potential ¢ satisfies, in the flow region, the Laplace equation 


Qt 
— 


1 1 
Dry > r ?, 7 r2 Poo a ss = 0, (i 


where r=(a?+y?)} and 6 = tan (y/z). 
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In the absence of gravity, the pressure p at a point in the flow is given by the 

Bernoulli equation : - , 

' p+ipP = Pot dpV?. (6) 

There are boundary conditions at the plate and at the cavity boundary. The 

first one, which is kinematic in nature, requires that the flow be tangential to the 
plate and to the cavity boundary. Hence 


aw c af 
0d dé 0d * 
— = =—(a—e€)| |cose+ "| at the plate (7) 
cx = [ds Os 
Ch = 6dv od ‘ 

and — = i jeose += | over the cavity boundary, (8) 
on ds Os 


where ¢/dn denotes differentiation along the outward normal to the cavity 
boundary at station s, and dy is the normal distance between the projections 
on the (x, y)-plane of the cavity boundary of two sections at a distance ds apart. 
The second boundary condition, which is dynamic in nature, states that 


p =p, over the cavity. (9) 
It follows from (6) that q assumes the constant magnitude 
|q| =q, on the cavity boundary, (9a) 
where g, and V are related, using (1) and (6), by | 
qe = V(1+o)!. (10) 


It is to be noted that the above boundary conditions (7), (8) and (9) are of a mixed 
type in the sense that different conditions are imposed over different parts of the 
boundary. Furthermore, the fact that the location of the cavity boundary is not 
known a priori is one of the factors which makes the problem non-linear. 

In the treatment of the flow past a slender body without separation or cavita- 
tion, the slender-body theory indicates that, near the body, perturbation velo- 
cities in the downstream direction are small quantities of higher order than the 
velocity components in the lateral directions. It is on this basis that the problem 
can be solved approximately by reducing it to a two-dimensional flow in the 
cross-flow plane. However, when a cavity is present in the flow the condition on 
the pressure, (9) or (9a), connects velocity components of different orders in one 
relationship, as will be shown later; the problem thus becomes more complicated. 
It is therefore desirable to estimate the order of magnitude of the perturbation 
velocities in the neighbourhood of the cavity-plate system. This is done as 
follows. 

If the maximum lateral dimension of the cavity is t, and the length of the cavity 
is L, then the assumption of slenderness implies that 


d=t/L <1. (11) 


It is convenient for the moment to make the substitition 


® = d-«xsine, (12) 
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so that ® and (grad ®) vanish at infinity (cf. equation (4)). It is easily seen that 
® also satisfies the Laplace equation (5). Application to this equation for © of 
the Fourier transform 

/ re) 

O(x, y,w) = | eS D(x, y, s) ds (13) 


— © 


yields ae tia tam UO = 0. (14) 
This equation has the general solution, which satisfies the condition (4), of 
the form 


~ 


M(r,0,v) = Ay K,(\o|r) + 5 A,,K,,(|o|r) cos (nO + £,,), (15) 
n=1 


where K,, stands for the modified Bessel function of the second kind, and the 
coefficients A, and the phase angles /,, may depend on w. Near the cavity-plate 
system, where 7/L = O(6), use of the expansion of K,, for small argument leads to 
@ = ®,[1 +0O(6)], where 


; 1 < 2\" 4 
®, = —(log$|o|r+y) Apts X (n- »!() me cos (nO + £,,), 
“n=1 


~= 


and y = 0-5772... is Euler’s constant. 
The inverse Fourier transform of the function ®, is of the form 


D 
= Re|aylog: +b+ > a, (16) 
n=1 
where 2= 2+iy = re” 


and @ = —Ay, by = —(log3|wo|+y) Ao, a, = de-*#"(n—1)!(2/|w|)"A,. (16a) 


Hence the function 
dy = D+ xsine (17) 


provides an approximation to ¢ in the neighbourhood of the cavity-plate system. 
Obviously ¢, is a harmonic function of r and @. Potential theory can therefore 
be used to determine the constants a,,, occurring in (16), from the boundary con- 
ditions. The order of magnitude of the a,,’s is determined in terms of the slender- 
ness parameter d of the cavity-plate system as follows. Since, by assumption, 
when the tangent to the boundary of the cavity-plate system has no dis- 
continuities, dv/ds = O(6), it follows from (8) that 0¢,/0r = O(d) near the cavity- 
plate system. Also, using the condition of the continuity of the flow near the 
boundary, (1/r) (0¢9/00) = O(6) near the cavity-plate system. By making use of 
these order relations, one finds from the above solution (16) that 


|a,| = O(d"+2)  (n = 0,1, 2,...): (18) 


Therefore, if the entire boundary is inside r = R = constant for all s, then the 
series expression of ¢, converges for r > R and may be continued analytically 
13 Fluid Mech. 11 
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into r < F if it does not converge there. From the above order of magnitude of 
a, it follows immediately that near the body 





Ody do om 
= a= O(6? log 8), 
= = | (19) 
ox’ Oy lads’ dyes 
obo do os (1) 
Cac? : oy” : J 





In order to determine the accuracy of this series solution, let 


p= dot Pr (20a) 


Equation (5) then becomes 


sho ee nO. Fa =. (206) 


0z0z ds? ~~ Os? 


where z is the complex conjugate of z. If it is now assumed that ¢, and its deri- 
vatives are much smaller than those of ¢, near the body, then 


07¢,/0z0z = 0, (21a) 
which is accurate up to O(6? log é). Hence, from (206) and (21a), 
0 0 0? 7 
3 = = —— = f (z,2,8) Say, (215) 
the function f(z, Z,s) being eae of the order O(6" log 5). This gives 
ee 1 ly > m7 a 0? 2 2 
b=4| | Seasdd— eae. PP eps s) (d2)° (dz)?-+ 


From this result and (19), it follows immediately that, near the body, 


0d, Ody _ | 
dy; as? gh? O(64 log 6), 
0g, 06, 0, 07S, — Aig - 
= & ee =a aia 
0d, 4 py 9 
Ox2 ’ et = O(6 log 0). 





Therefore, combining (19) and (22), it is seen that ¢, gives the velocity near 
the body accurately up to terms of order 6?log 6, hence ¢, may be neglected in 
the first approximation. It is to be noted that the above order-of-magnitude 
estimation, (19) and (22), is valid uniformly over the body surface provided that 
there is no discontinuity in the slope of the boundary. Over the cavity boundary 
in particular, however, the estimation can be made more specific, using the pres- 
sure condition (9) or (9a). 
The pressure field, derived from (6), is 


Jpvi = 1—[leose+ 4,8 +62 + 93) 
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Hence, using (19) and (22), this becomes, near the body, 


P—Po_ .2_ , Po Po CPo\* 9 
gave 7 [230 * (Ze) +39 @) 


which is accurate up to terms of order 6?logé. In particular, over the cavity 
boundary, where p = p,, (23) becomes 


9 Po +(( fs) * (7) sn: agence (24) 
y 


0s Ox 


Since, as may be noted from (19), do, ~ O(6? log 6) and (¢5,)? + (doy)? = O(6?) 
for the flow past a slender body, the above result implies that =e assumption of 
slenderness can be valid only if 7 is O(6? log 6) or of smaller magnitude. 

When the configuration of the body is given, the coefficients a) and by of (16) 
can be obtained as follows. From the analyticity of the solution (16) it follows 
that conditions (7) and (8) may be applied on the contour C which is the circle 
r = r,, large enough to include the largest cross-section of the body. Thus 


pam (A 27 om 
( 5 (Po dt = | (2) r,d0 = | (‘ ) r,d0 = 27a. 
JC on /0 Or Jpn, 0 Or J par, 


Hence, by conditions (7) and (8), and the analyticity of the solution (16) 


- dp ld l 
pide Se te | vdrt = =-S"(s), (25) 
Ce “77 


ds 27 ds 





1 
A = on 


/ CB 
where C,, is the contour of the cavity-plate section and 
S(s) = [ vdt (25a) 
e CR 
is the cross-sectional area. Furthermore, from (16a), 


-Y) dg = (log 3|o| + y) (27) tw S(o), 





by = (log 4 
the inverse transform of which, with the assumption that S’(s) vanishes at the 
two ends of the cavity, is found to be 


S’(. 1 1 fs ! 1" > 
b, = = logs — 5 1 . S"(o) log (s — a)do— | S (a) log(o—s) do}. (26) 


The coefficient a, gives the strength of the source distribution to represent the 
longitudinal flow in the axial direction. It is noted that like a9(s), by is a function 
of s only. The determination of the coefficients of the higher-order terms requires 
the solution of the cross-flow. 

It should be pointed out that, in the absence of cavitation, the problem 
of solving ¢, is clearly a two-dimensional one, since the differential equation 
governing ¢o, (21a), is two-dimensional, and no s-derivatives of ¢) appear in the 
boundary condition of the problem. In this case the variable s enters the problem 
merely as a parameter through the boundary condition. Only when the pressure 
is calculated does the s-derivative of d, arise. However, when a cavity is present, 
the pressure condition (24) contains the term (0¢,/0s). Consequently the problem 

13-2 
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of solving the cross-flow is no longer two-dimensional even though the differential 
equation (21a) remains unchanged. 

In the subsequent sections the potential 4, will be solved with appropriate 
simplifying assumptions. Since only the first-order theory is considered, ¢, will 
be henceforth neglected and the subscript of 4) can therefore be omitted. 


3. The solution in the cross-flow plane 

It will be shown in this section how a solution for the velocity potential ¢ 
may be obtained from the cross-flow. As discussed in the previous section this 
solution will be accurate to terms of order O(6?log 6) near the body. The flow 
near the body may be resolved into two components, representing the axial and 
cross-flows. This is shown by writing equations (16) and (17) in the form 


y = (8) log n+ bo(s) a Qe = Pa a Per (27) 


where ay and by are given by (25) and (26), respectively. The axial flow, with 
potential ¢,, is the source-like component of the total flow and represents the 
effect of variation of the cross-sSectional area of the cavity. The cross-flow, with 
potential ¢,, is the doublet-like component of the total flow and represents the 
flow in planes perpendicular to the axis along the centroids of the cavity cross- 
sections. It may be seen that — (28) 
at large distances from the cavity-plate system. 

It is assumed that, with the choice of the free-stream velocity of the cross-flow 
as indicated in § 2, the kinematic boundary condition (7), (8) is satisfied approxi- 
mately by the axial component of the flow. This approximation will be good at 
distances near the cavity-plate system by choice of the constants a, and b,; this 
amounts to satisfying (7) and (8) averaged over the bounding surface. Thus this 
method will be expected to give a well-balanced approximation of the flow 
quantities over the entire boundary of the cavity-plate system. With this assump- 
tion then, the kinematic boundary condition for the cross-flow potential ¢, on 
the cavity-plate surface is ae 
~~ = 0. (29) 
On 

The primary effect of the axial flow is its contribution to the local pressure field, 
the value of which is essential in the determination of the location of the cavity 
boundary. Upon substitution of (27) into (23), the pressure near the cavity-plate 
system may be written 


= ad AtyS s52 14 a ad\2 (Aad\2 
Pe gpg 2 Pa (22) r (2) |-[2 Be. (2) ‘ (2) 
toV? 0s Ox cy - 08 Ox oy 


-2( B84 2.) 


= 4 A ca A 
oO“ ox dy oy 


It may be pointed out that for the case of non-cavitating flow past a body of 
revolution, the pressure differences [p(r,0)—p(r, —9)] and [p(r, 0) — p(r,7—9)] 
are seen to be independent of ¢,. This is due to the fact that ¢,, given by (27), is 
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dependent only on r in the cross-plane, and in such a way that in (30) the cross- 
product terms, 


eh, np eee , od 3) 0d 

C Pa 06, as C Pa C Pe at (8) Pe = Ao(8) C Pe (31 ) 
Ox Ox Oy Cy r C r Or’ 

vanish on the body-surface of revolution because of the normal flow condition 


(29) on the body. Consequently the source type flow ¢, makes no contribution 


ra 
to the lateral forces and may therefore be neglected in such calculations. The same 
argument no longer holds true for the case of cavity flow since the location of the 
cavity boundary will depend on the pressure field due to ¢,; an approximate 
method is introduced here to determine this effect as follows. For the purpose of 
determining ¢, alone, the undetermined cavity shape may be assumed to approxi- 
mate to a body of revolution, and the effect of ¢, on the pressure field may then be 


evaluated at an equivalent radial distance 
r= R = [S(s)/7}}. (32) 
Under these assumptions, the cross-product terms of ¢,, and ¢, in (30) reduce to 


zero in virtue of (31) and condition (29), and the remaining terms in (30) involving 
¢, are determined as 


ay) 0¢,\? oa) Dia oe 
2" a — = — §"(s)1 ~ +— — §"(s)? 
Os +(Z ) +(2 r=<R 20 (s) 8 az an 8 (s) 


s i? 2) 
= - [ S” (a) log (s—a)da— [ S” (co) log (a —s) ac| : 
-~ CO s 


vy —-O d 


p- ob, , (2b-\? , (2¢-\? 
P—Pe _ it —[22e4 (4) +(2) |. (33a) 


apV® 


Thus (30) becomes 


where 


Es S 1 S’2 l [? 
2— po... | "ho Da gee, ee oes ‘ aod bent Lg” ) ’ 
yr =ot+eE 5,3"(s) log 7 as sa| ene s) log |a—s|S" (a) do 
(33) 


Over the cavity boundary, p = p,, and hence 


(2) (yw o 


oy Os 


This condition now replaces (24). 

For simplicity, in the remaining part of the analysis, only the flat-plate hydro- 
foil will be considered; the generalization to the pointed hydrofoil having a small 
camber can be obtained without too much difficulty. The cross-flow is then the 
flow past a flat plate of semi-width b(s) placed normal to a stream of velocity Ve 
(see (28)). The flow separates behind the flat plate to form a cavity, on the surface 
of which the condition (34) is to be satisfied. In order to evaluate the flow past a 
cavity of finite size, the Riabouchinsky model for the flow is adopted. In this 
model, an image plate is introduced downstream of the real plate, the pair of 
plates being connected by the cavity surface (see figure 2). Introduction of the 
image plate serves to admit the cavitation number as a free parameter. The 
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Riabouchinsky model for the flow provides a good approximation of the actual 
flow quantities near the real plate and gives a good estimate of the drag force on 
the plate at moderate cavitation numbers. It should not be expected, however, 
that the flow near the image plate can well resemble the actual flow there. 
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FicurE 2. The Raibouchinsky model and its hodograph for the cross-flow. 


For the cross-flow it is convenient to introduce the complex potential 
F(z) = $(x,y) + tp (x,y), (35) 
which is an analytic function of z = x+iy. Here y, is the stream function of the 
cross-flow only. In terms of y,, the kinematic condition (29) reduces to 


y,. = 90 on the plate and its image plate and on the cavity. (36) 
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In order that the cross-flow be reduced to the Riabouchinsky problem and that 
condition (34) be satisfied on the cavity with a good over-all accuracy, it is 
assumed that the term 0¢,/0s in (34) may be replaced by its average over the 
cavity in the cross-flow plane. It will be shown later (see equation (55)) that 
0¢,/0s is an odd function of the arc length 7 measured along the cavity boundary 
from the midsection (x = 0) in the cross-flow plane, and therefore the average 
of 0¢,/0s over the cavity vanishes, or 


i | fear] | dr =0. (37) 
os cavity os cavity 


Equation (34) then becomes 


pay Qe -r . 


on the cavity, where 7? is given by (336). The free-stream velocity of the cross- 
flow can be derived from (28) as 


2 a infinity. (39) 


ox COs 


It is convenient to introduce the normalized cross-flow velocity components 


1é 0d, 
ibm: it} ‘om whe 9 (40) 
n 0x n Cy 
and the complex velocity 
_1dF 


w(z) = u—w (41) 


“5a 
which is also an analytic function of z. In the w-plane, or the hodograph plane 
of the cross-flow, the boundary conditions take the form 


u= Rew=0 onthe plate, (42a) 
waey=U at z= 0, (426) 
and |w| = (w2+v2)! = 1 on the cavity boundary. (42c) 


Furthermore, condition (36) still holds. The sketch of a few streamlines, y, = con- 
stant, are shown in figure 2. It is to be noted that with the assumption that 
0¢,/és be replaced by its average value over the cavity, which is zero, the three- 
dimensional effect on the cross-flow is thereby eliminated and the problem of the 
cross-flow then reduces exactly to the Riabouchinsky flow over a flat plate, 
the solution of which is already known (e.g. Birkhoff & Zarantonello 1957). 
In order to facilitate the subsequent analysis, the result is reproduced briefly 
as follows. 

The flow in the hodograph plane and the potential plane are shown in figure 2. 
The upper half F-plane is mapped on to the hodograph plane by the transforma- 


tion ” 2__ Jn!2e2\ 4 
1 kF ite (pee ) ° (43) 
w '(F2-¢c2)t kh’ \ P-e 

where e= —F(z =2,) = F(z = 2), 
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which is to be determined, and k, k’ are defined by 


1— U2 


k= ee U2’ k = (1 —k?*)2 = 14.02? U= y (44) 
At the point A,w= -1i,so Fy=.4 = —k’e, (45a) 
and at the point D,w=1,so  Fp=¢,.p=0. (455) 
The physical plane, z, can be obtained by integration as 
1(F 1 1 F2— k/%¢2\4 
bac eee is epee es 5 2_ ¢2)h 4 a iling 7 2 
2-4-5) dF =o [evr 2) +[ fn | aP|. (46) 
Hence on the plate AC, where —c < ¢, < —k’cand yy, = 0, 
pine ue a _if(?— 2) | 
at | (c? — f2)3 +ckB(k, sin = ok ; (47) 
where the function B(k, 0) represents the elliptic integral (see Jahnke & Emde 
ieee 9 cos*adx 
Bik, 0) = [ - and B(k) = Bik, 47). (48) 
Jo (1—k? sin? a)3 i 


On the streamline AD, where —k’c < ¢, < 0 and y, = 0, the streamline has the 
parametric representation 


% = U(P-) + ty (Pe); (49a) 

rh ain ae sin! es] 49b 

where x Xo = y ’ ~ ok’ ( ) 

and y¥= ple — $2) + ckB(k)]. (49c) 

Therefore at the point A, ¢, = —k’c, z —z, = ib(s), and hence, from (47) or (49), 
2 

b(s) = ()], (50) 





which provides one relation between c, 7, and k in terms of the half-width of the 
plate, b(s). Furthermore, at the point D, xp = 0 and ¢,p = 0, hence 


—2, = (ch’/y) Bik’). (51) 

Since z = 0 is the centroid of the cavity volume, it follows that 
t, 8) 1, » — —F*B(k') 9 
a—6=— = = Gk), Gk) = [1+ Boy’ (52) 


where use has been made of (50). This gives one relation between € and k. The 
cross-sectional area of the cavity is given by the integral 
; (xp dx( 
S(s) = | ydx = tf F YWPe) - ae dd, 
, - 


rs 


where x and y are given by (49). Carrying out the ——, one obtains 
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which becomes, after using (50), 
. k’*(7 + 4kB(k) B(k’)] 
S(s) = 67(s p y= : ° 
S(s) = b?(s)H(k), H(k) [1 + Bk) 


It will now be shown that ¢¢,/¢s on the cavity boundary is an odd function of 
¢,. In fact, at a fixed point on the cavity, the variation of ¢, with respect to s can 
be obtained from p 


where x and y are given by (49). Since y/x is seen to depend on ¢, and ¢ only in 
the combined form ¢,/c, it follows that 


eo f 
Oe =%¢ on y.=9, |¢,| < k’e. (54) 


Hence on the cavity 
Cg.  0¢,dedb _ $,dedb 


@s ~ ae dbds~ c dbds’ mm 
which is an odd function of ¢,. This implies that the average of 0¢,/0s over the 
cavity boundary vanishes, as stated in (37). 

For given plan form b(s), attack angle «, and cavitation number o, the above 
solution contains four unknowns, namely, 7, ¢, k and S, which are related to each 
other by the four equations (33d), (44), (52) and (53). Strictly speaking, the deter- 
mination of these quantities further requires the solution of the flow field over 
the cavity downstream of the plate since the definition of 7, (336), contains S(s) 
over the entire range of the cavity. The problem of the trailing cavity flow is 
very complicated, since either it involves the direct treatment of the turbulent 
wake to the rear of the cavity or at least it would require an appropriate potential 
flow model to account for the real fluid effect in the wake. Even with the trailing 
cavity assumed to take a well-defined (but unknown) profile, the problem still 
involves the solution of a complicated integral equation since in (336) the un- 
known S(s) appears in the integral over the entire cavity region. It can be seen, 
however, that the contribution of these two integrals is, at most, of order 6? as 
compared with the order of magnitude O(d"logdé) of the remaining terms in 
(336). In particular, the contribution of these integrals would be negligible in 
the region over the plate if S”(s) is small in that region, as would be expected in 
the case of a triangular plate, since the flow near the plate would be approxi- 
mately conical and hence S(s) would be proportional to s* (this feature will be 
pointed out in the following example). Furthermore, it will be assumed that the 
cavity is sufficiently long (which can be realized with sufficiently small o) so that 
the region in which S”(s) may not be small will be far enough downstream to cause 
its effect on the flow field near the plate to be negligible. Therefore, in a first- 
order approximation for calculating the aforementioned quantities, or at least in 
the first-order computation of a more accurate iteration procedure, these inte- 
grals may be neglected. For this reason’ the flow field downstream of the plate 
will not be further considered here. With this simplification, it was found that 
k,n, € and S can be obtained as functions of s in a straightforward manner. 
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4. Calculation of the normal force 


The force acting perpendicular to the cavitated hydrofoil considered in the 
previous sections can be calculated by integration of the normal pressure over 
the plate. On the plate, 0¢,/ex = 0 and ¢¢,/cy = nv (see (40) and (42)). Hence 
the difference between the pressure at a point on the wetted side of the plate and 
the cavity pressure can be deduced from (33) and may be written as 


P—Pe _ 441 o%)_2 e- (“ ‘) (56) 
A 


0s Cs 


where (¢¢,/0s) , is the value of (¢¢,/és) at the point A, the side edge of the plate. The 
reason for introducing this constant term may be explained as follows. In the 
determination of the cross-flow, the variation of (¢¢,/¢s) over the cavity is approxi- 
mated by the average of (0¢,/¢s) on the cavity, as given by (37), so that a good 
estimate of the cavity shape may be obtained bya relatively simple analysis. When 
the pressure p on the plate is now calculated, the variation of (0¢,/0s) on the plate is 
taken into account and the constant (¢¢,/¢s) , is introduced to make p continuous 
at the edge of the plate, that is p = p, at the point A, where v = 1. In other words, 
(0¢,/0s)is approximated by a piecewise continuous function, its value on the cavity 
being replaced by its average in that region, for the purpose of evaluating the cross- 
flow. After ¢, is so determined, the variation of ¢¢,/0s from its value at the point A, 
namely [¢¢,/¢s — (¢,/Cs) 4], is restored in the expression (56) for the pressure on 
the plate. Furthermore, as was already explained in the derivation of (33), the 
cross-product terms of ¢, and ¢, in (30) vanish when evaluated at the equivalent 
radial distance r = R(s), given by (32). The deviation of the plate-form from the 
equivalent circular cross-section is generally very small; consequently this effect 
will remain neglected in the present analysis. 

The normel force element dN experienced by an element of the plate ds at 
station s will be given by the spanwise integration of the pressure (56). That is 


dN =dN,+dN,, (57) 
b(s) 
where dN, = p yes | (1—v?) dy, (57a) 
0 
' 0 fea) 
dN, a 2pV"ds =| [po—- bea] dy, (57 b) 
0 


The integral in (57a) is readily evaluated by using the solution (43), 


b(s) 1 (-*e /1 2c (1 /t2—k’2\3 2ck? 
— a2 = = -—W = — —— - b= ———— + 
I, ae =i 5 °) dd gk’ . = Oe Bl) 


where B(k) is defined by (48). Hence, using (50), it follows that 


A ‘ Bik) 
I — IDW/V2y2 ae 
dN, = 2pV2y oe ae (58) 








gr 
ca 


te 
ix 


W 








Cavity flow past a slender pointed hydrofoil 203 


By making use of (43), the integral in (576) can be evaluated as 


b 1 f-Ke Pe ce fl . kt {2 — },’2\ 3 
[ [Pe— Peal dy = ‘| ; (p.+k ¢)= de, = Pl, ( —t+k lf _ 2)! | 1 =) ja 


ao 


2 
' [cos—! k’ — kk’ + ak — 2k'kB(k))]. 


2yk' 
Therefore, using (50), we obtain 
0 {nk' cos~* k' —kk' + 3k —2k’kB(k) | " 
ll «Rhee 2(s)\ ds. 59 
as | 3 [1+ Bik)P =e 69) 
Finally, the total normal force N experienced by the plate is obtained by inte- 
grating dN(s) along the chord from s = 0 to the trailing edge s = 1. This will be 
carried out for the following example. 


dN, = pV? 


5. Example—triangular plate 
Consider the special case of a triangular plate of small vertex angle and length 


ity s 
minhy ees b=staniy for 0<s<l. (60) 


The plate area is given by A = tan }y, and the aspect-ratio of this hydrofoil is then 
4b?(1)/A = 4tan4y. Substituting (60) in (52), we obtain 


a—e = (tan}y)G(k). (61) 
Since € is assumed to be constant, it follows that k is independent of s. From 
as ieatialhiin S(s) = s%(tan? dy) H(h), (62) 


which now indicates that the cavity cross-sectional area in the region over the 
plate is proportional to s?, implying that the local flow is essentially conical. 
Furthermore, under the present assumption that the integrals containing S” in 
the expression for 7 may be neglected, (335) reduces to 


S 18" 


1 vi 
7? = o+e—s 8 (s)log- - 7 v° 


Upon substitution of (62) into the above equation, it is noted that the only 
term depending on s is (S”/27) logs?, which is of order O(d"), while the most 
important terms in that equation are of order O(d*log 6). For the present first- 
order theory we may approximate log s by its average over the plate, that is, by 


replacing log s by ‘ . 
[ slogsds || sds = —}. 
J0 0 
With this approximation, we obtain 
] : 
yr =ot+er+ ms tan? by H(k) log [47 cot? dy/H(k)]. (63) 
From (61), (63), and (44), one readily derives the result 


1-k)! 


3 } 
acotdy = G(k)+ (=) [o cot? Jy +— H(k) log [4m cot? hy/H(k)])} , (64) 





204 E.. Cumberbatch and T. Y. Wu 


where G(k) and H(k) are defined in (52) and (53). This equation, which is easily 
solved by a graphical method, determines & for given y, a and ‘x 
In consequence of the above result, (58) is readily integrated to yield 


. ae Bik) ™ 
j Po il dkny ee — f 
N, = pV 7? (tan 47) i+ Bib)’ (65) 


Integration of (59) gives 
nk’ cos k' + 3k — kk'[1 + 2B(k)] 


r _ A178/t0n81n\ IK CO b: ; 
N, = pV2(tan? 1y) ia (1+ B(k)p (66) 

The total normal force coefficient may be defined as 
Cy = N/(3eV?A) = (MN, +Ny)/(Zp VA). (67) 


Since there is no singular leading edge force in this supercavitating flow, the 
resultant force must act normal to the delta flat-plate. It then follows that the 
lift coefficient and the drag coefficient of the plate in the cavity flow are 


C, =Cycosa, Cp = Cysina. (68) 


The drag due to the skin friction over the wetted surface of the plate is generally 
negligible compared with the cavity-flow drag. 

A limiting case of interest is for vanishingly small a, provided the fully- 
developed cavity can be sustained. As a > 0, one finds from (64) that k > 1, 
k’ + 0. Hence, from (61) and (63), € > 0, and 7? > o. The corresponding C7, is 


given by 
Ci. >Cy>o as a->0, (69) 


this limit of C, being independent of y. This result may be interpreted as implying 
that the hydrodynamic pressure on the wetted side of the plate is negligible 
compared with the cavity pressure at vanishingly small a. 

Another special limiting case is when y > 0 and a < o. In this case we also 
have k + 1. The corresponding C;, is given by 


Ci > o+2?, (70) 


which indicates the behaviour of C;, at small « and moderate o. 

For the general case, the value of C\, is calculated from the above equations and 
is plotted versus o with a = 5°, 10°, 15°, 20°, 25° for each of the cases y = 5°, 
10°, 15° in figures 3-5 and versus « for several small values of o in figures 6-8. 
In the numerical calculation it is found that the major contribution to the total 
force comes from JN. 

When this theoretical study was completed, the authors were given some 
preliminary experimental data by Mr Taras Kiceniuk of the Hydrodynamics 
Laboratory, California Institute of Technology. These data are compared with 
the theory in figure 5. Although the data available at present are not extensive 
enough to make an overall comparison, figure 5 indicates that the present theory 
is in good agreement with experiment. The details of the experimental arrange- 
ment and the final results will be reported later elsewhere. 
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In conclusion, the following features of and comments on the solution may be 
pointed out. 

(1) For fixed a, Cy. increases approximately linearly with o, the slope (eCy/¢c) 
being approximately the same (slightly less than unity) throughout the range of 
a considered. 

(2) For fixed o, the non-linear dependence of Cy on a is exhibited in 
figures 6-8. 

(3) The present analysis does not provide the criterion for conditions under 
which the cavity will be shorter than the plate and the cavity-plate system will 
no longer be slender. It is to be expected that as a + 0, the cavity length will 
decrease and become terminated on the plate such that the assumption of 
slenderness as well as of the cavity-flow model will be violated. The result for very 
small values of a (say less than 2°), obtained from this theory, will therefore 
not be expected to apply. 

(4) It may be noted that the other potential flow models (such as the re-entrant 
jet model) may also be adopted to calculate the cross-flow provided that the 
cavity volume in such a model is interpreted appropriately. Since the equiva- 
lent cavitation number for the cross-flow is in general not small, the use of the 
non-linear two-dimensional cavity-flow model (the Riabouchinsky model in the 
present case) really implies putting on test the validity of the model for the case 
of small cavity cross-section (or large cavitation number for the cross-flow) 
together with the simplifying assumptions introduced here. 


This work was carried out under the Bureau of Ships fundamental hydro- 
dynamics research programme, Project NS 715-102, David Taylor Model Basin. 
Reproduction in whole or in part is permitted for any purpose of the United 
States Government. The authors wish to thank Mr T. Kiceniuk for his courtesy 
in furnishing the preliminary data used here. The assistance rendered by Mrs 

tose Grant, Mrs Barbara Cumberbatch, and Mrs Zora Harrison in preparation of 
the manuscript is greatly appreciated. 
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A theory for the core of a leading-edge vortex 


By M. G. HALL 


Royal Aircraft Establishment, Farnborough, Hampshire 
(Received 28 February 1961) 


In the flow past a slender delta wing at incidence one can observe a roughly 
axially symmetric core of spiralling fluid, formed by the rolling-up of the shear 
layer that separates from a leading edge. The aim in this paper is to predict the 
flow field within this vortex core, given appropriate conditions at its outside 
edge. 

The basic assumptions are (i) that the flow is continuous and rotational, and 
(ii) that viscous diffusion is confined to a relatively slender subcore. In addition 
it is assumed that the flow is axially symmetric and incompressible. Together, 
these admit outer and inner solutions for the core from the equations of motion. 
For the outer solution the subcore is ignored, and the flow is taken to be inviscid 
(but rotational) and conical. The resulting solution consists of simple expressions 
for the velocity components and pressure. For the inner solution, which applies 
to the diffusive subcore, the flow is taken to be laminar, and certain approxima- 
tions are made, some based on the boundary conditions and some analogous to 
those of boundary-layer theory. The solution obtained in this case is a first 
approximation, and has been computed. 

A sample calculation yields results which are in good qualitative and fair 
quantitative agreement with experimental measurements. 





1. Introduction 


A core of spiralling fluid can be observed in the flow past a slender delta wing 
at incidence. Its position is shown in figure 1, which is a sketch of the over-all 
flow pattern. Separation of a shear layer takes place from the neighbourhood of 
each leading edge. The layer curves upward and inboard and eventually rolls up, 
forming a core in which the velocity and pressure fields are roughly axially sym- 
metric. This over-all pattern is well established experimentally. It appears 
essentially unchanged through the speed range and for most operating incidences 
as long as the leading edges are subsonic, and it is found also with slender wings 
other than deltas. Such a vortex core may have a diameter as large as one-third 
of the semi-span, and within it have been found velocities so high and pressures 
so low as to create some speculation and controversy. The aim in this paper is to 
predict theoretically the velocity and pressure fields within a core, given appro- 
priate conditions at its outside edge, and to explain the core structures that have 
been observed. 

The recent experimental studies by Earnshaw (1961) and Lambourne & 
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Bryer (1959) have established the structural form taken by the vortex core. 
Figures 2-5 show results at 70% chord of measurements by Earnshaw over a 
delta wing of aspect ratio one and 56in. centre line, at 14-9° incidence and with 
a free-stream velocity of 100ft./sec. Figure 2 is a cross-sectional view showing 
the formation of the core. The closed contour drawn as a broken line marks the 
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Figure 1. Basic pattern for flow over a slender delta wing at incidence. 
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Ficure 2. Profiles of the circumferential velocity », 
derived from Earnshaw’s measurements. 


outside edge of the core (its size is somewhat arbitrary), the choice being guided 
only by the criterion of axial symmetry. The ordinate r/s is the ratio of the radial 
distance r from the axis of the core to the semi-span s (see figure 1). V,, is the 
free-stream velocity. Figures 3-5 show pairs of profiles obtained by traversing 
through the core in a pair of mutually perpendicular directions (figure 1). 
Corresponding theoretical profiles are included also: these will be referred to 
after the theory has been presented. The striking feature here is that there are 
axial velocities (figure 3) within the core over twice the magnitude of the free 
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stream velocity and, associated with them, pressure coefficients (figure 5) of 
less than —6. This stands in sharp contrast to the much smaller perturbations 
of the free-stream values elsewhere over the wing. 
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FicurE 4. Experimental and theoretical profiles of circumferential velocity 
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Certain other features of the observed core structure should be noted, since 
they suggest the form of a possible simplified model of the core. First, the shear 
layer from the leading edge diffuses rapidly (figure 2) and is barely distinguish- 
able after less than one convolution of a spiral, before the core is even reached. 
Secondly, the gradients of total pressure within the core (figure 5) are small except 
for a very slender region along the axis. It has been found that where the gradients 
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of total pressure are small the velocity and pressure fields are approximately 
conical, which is consistent with Jones’s wing theory. 

A simplified model of the vortex core is adopted here, with two distinctive 
properties that are suggested by the above. The first property is that the flow is 
continuous, i.e. it includes no vortex sheet. Thus, the flow must be rotational to 
allow a convection of vorticity. The second is that diffusion of vorticity (associated 
with a loss of total pressure) is confined to a relatively slender subcore. In this 
way the core is divided into a convective outer part and a diffusive subcore. This 
is justifiable for large Reynolds numbers, and it reduces the problem of solving 
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Figure 5. Experimental and theoretical profiles of total and static pressure coefficients, 
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Cu = (Py—Pa)/$PV% and C, = (p—po)/tpV%, respectively. 


the equations of motion for the core to that of obtaining an inviscid outer solution 
for the convective part—for which the subcore is ignored—and then, using this 
outer solution to specify boundary conditions, obtaining a viscous inner solution 
for the subcore. In addition to the distinctive properties, the fluid is taken to be 
incompressible, and the velocity and pressure fields are taken to be axially sym- 
metric. For the outer solution, these fields are taken to be conical as well, which 
implies a constant total pressure. Advantage will be taken of the fact that the 
core is slender to neglect terms of order (r/x)?, where, as shown in figure 1, x is 
the distance along the axis of the core from the apex of the wing. For the inner 
solution the flow is taken to be laminar, and the Reynolds number will be 
supposed to be large enough for approximations analogous to those of boundary- 
layer theory to be made. 

Mangler & Smith (1959) have previously obtained a solution for the vortex 
core in the course of investigating the flow past the wing as a whole. No specific 
steps were taken to elucidate the core structure in detail. The flow was treated 
by slender-wing theory, and only constant values through the core of circum- 
ferential and axia! velocity were obtained. 
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In the model of Mangler & Smith, the core consists of a tightly rolled vortex 
sheet (representing the shear layer) imbedded in a potential flow. This provides 
an exact representation of the core for the flow past a wing in the limit of infinite 
Reynolds number, and it is of interest to compare such a model with the present 
one. Corresponding profiles of the circumferential velocity component are 
sketched in figure 6. Observe that in the present model the steps due to the vortex 
sheet have been smoothed out, so that no part of the profile can be that of a 
potential flow. Because finite Reynolds numbers are admitted here, the profile 
passes smoothly through the axis no matter what its shape in the outer part of 
the core. This stricter condition is also satisfied by the profile of the hypothetical 
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FicurE 6. Qualitative comparison of different types of profile 
of the circumferential velocity v. 


Rankine vortex, or by a more realistic counterpart, Newman’s (1959) theoretical 
profile for a viscous line vortex of constant strength. A sketch of Newman’s 
profile is included in the figure. If the present profile for a leading-edge vortex 
were extended far enough from the axis, it would tend to that of a potential flow, 
as Newman’s profile does in the figure. Closer to the axis, the present profile 
shows (as sketched) a departure from potential flow, as also does Newman’s 
profile. However, the departure in Newman’s case is associated solely with a 
significant increase of viscous diffusion, and leads directly to a ‘solid body’ 
rotation, whereas in the present case diffusion is still insignificant and the depar- 
ture is associated with a convection of vorticity; of course, viscous diffusion 
eventually does become appreciable here also sufficiently close to the axis. 
Newman’s flow configuration was simple enough for him to obtain a neat approxi- 
mate solution of the Navier-Stokes equations without having to divide his 
vortex into outer and inner parts. 
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2. Outer solution 
2.1. Equations of motion and their solution 


When the velocity and pressure fields are axially symmetric, the Navier-Stokes 
equations for the steady flow of an incompressible fluid are, in cylindrical co- 
ordinates (7,2), 

ou ow ow 


—+a-+— =0, l 
Ox or . r ( « 


ray A y 
ou cu lcp 
u~—+w— =-- cP + vV2u, (1b) 
Car or pcx 
a 4 
cv Cv vw > wv 
u—+w—-+—=rv[Vv-], (1c) 
Oa or or r 
A A 2 A 
Cw Cw ov lcp ; w 
u—+w—-—-=-- di +v{V2w--—}, (1d) 
Caz Or or p or r? 
a ~ a 
; o id «oe 
where V2 = —+-~+->; 
or? ror ox 


u and w are the axial and radial velocity components, v is the circumferential 
velocity component, and p, p and v are the pressure, density and kinematic 
viscosity, respectively. 

The values taken by w, v and w in the outer solution will be denoted by U, V 
and W respectively. Since the velocity and pressure fields are conical here, 
U, V, W and p will be functions of the conical parameter 0 = r/x alone. Thus, for 
the outer solution, where the flow is inviscid (but rotational) and conical, equa- 
tions (1) reduce to 


05 (v-3) -_ = 0, (2a) 

“(0-1 Ng ° 
-0o(v-5) — “ik (2c) 
0-3) -5--15 es 


The boundary conditions are taken to be 
g=0, W=0, ! 
G=%, Ua, Veh, p= mr 


where the subscript 2 identifies quantities at the outside edge of the core 
6 = const. = 0. The subscript 1 will identify quantities at the outside edge of 
the subcore. Observe that the solution is here formally extended to the axis, 
@ = 0, following the stipulation that the viscous subcore is relatively slender. 
The tacit assumption is that the effects of the subcore on the outer part of the 
core are negligible. The first condition, that of zero radial flow on the axis, is an 
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important one. It expresses a continuity condition and implies an absence of 
sources or sinks. It appears to be the sole condition applicable to the axis of an 
inviscid rotating flow, for infinite velocities and gradients cannot be ruled out. 
The ratio V/U, which is a measure of the helix angle of the spiralling streamlines, 
will appear frequently, and is therefore denoted by the symbol ¢. The value 
¢, may be related to the rate of increase of the strength of the core along its 
length or, what is equivalent, to the rate at which vorticity is fed in, by taking 
the circulation 27r,V, around the core as a measure of its strength and differ- 
entiating: thus d 

dg (7722) = 27U,029s. 


The equations (2) are easily integrated. Equations (2a) and (2c) yield 


(; 2 U-W/é ‘ 
) = u.—W/0," (4) 
Equation (4), together with (2a) and (20), enables V and p to be eliminated from 
equation (2d), which becomes 

dw W V3 


(+0) 9 + 6 = Wo, (5) 


Therefore, since the term 6? = (r/x)? in the bracket may be neglected for a slender 
core,} the solution for W is 


W/W, = 0/02, 


6 
W, = —4(0.U,) {y(1 +293) —1} < 0. “ 


Note that ,/(1 + 2¢3) is positive; the possible ambiguity of sign in the expression 
for W, has been removed by applying the condition W/U < @, which follows from 
Kelvin’s circulation theorem. The substitution of (6) in equation (2a) leads 
to the result ¥ 


U 6 
U, = 1 — {,/(1 + 23) — 1} log (7). (7) 


2 


and the substitution of (6) and (7) in (4) yields 
ay [(1 +23) — J (7) 
—) =1-]* 2° log {=}. 8 
an a ENG, as 
Finally, the neglect of the term 6? in equation (5) implies that (2d) can be 
reduced to ldp_ V2 ; 
pdd- 0° (9) 
and the expression for V? given by equation (8) enables this to be integrated, 
with the result 
P—Pa _ jog (9) _1[VL+299)— “| ,2 (7) 
ov? log (7) = Ps log a.) (10) 


“ 2 
+ Equation (5) can be solved without neglecting 6?, but the expressions for the other 
velocity components then become unduly complicated for this particular problem. 
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2.2. Discussion of ihe outer solution 


Equations (6), (7), (8) and (10) constitute a solution for the flow in the convective 
outer part of the core. Equations (6) show that the radial flow is always small 
and always directed inwards toward the axis, and that it decreases linearly in 
magnitude with decreasing distance from the axis. Also, the larger the ratio $4, 
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FicurE 7. Profiles from the outer solution, showing the effect of varying ¢,, for (a) the 
axial velocity U, (b) the circumferential velocity V, and (c) the static pressure p. 


the larger is the radial in-flow. Some representative profiles of the axial and cir- 
cumferential velocity components U and V and of the pressure p have been 
calculated from equations (7), (8) and (10), respectively, and are shown in figure 7. 
The abscissae on the figures denote the non-dimensional distance from the axis 
of symmetry. Each figure is concerned with one of the velocity components or 
with the pressure, and the different curves in the figure correspond to different 
values of ¢.. 

The figures show that U/U,, V/V, and the pressure drop (p.—p)/p Vall decrease 
with increasing distance from the axis, and all increase with increasing ¢. It 
may be observed that the increase in axial velocity U and the drop in pressure 
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within the core may be very considerable. Such a pressure drop is to be expected 
in a spiralling flow, but the considerable increase in axial velocity is perhaps 
surprising. This increase is, however, a natural consequence of the original 
assumptions of conical field, etc., for the structure of the core. The phenomenon 
may be easier to understand if it is noted that according to the theory the pressure 
gradient in the direction of the spiralling path of a fluid element is negative and 
sustained, though not in general large: the core is such that it entrains fluid and 
retains it in a pressure field, which subjects each element to a continuous acceler- 
ating force. Alternatively, it can be shown that the vortex lines in the outer 
solution nearly coincide with the spiralling streamlines, so that there exists a 
circumferential component of vorticity for which the induced flow is axial. 
Since the distribution of this vorticity is symmetrical about the axis of the core, 
there will be, in effect, a focusing or concentrating action which yields a high 
resultant velocity along the axis. 

The outer solution is clearly singular on the axis of symmetry, but even as the 
axis is approached the solution becomes invalid. Towards the axis, the gradients 
of vorticity become increasingly large, so that it is to be expected that viscous 
diffusion will become appreciable. In addition, according to equation (10) the 
pressure p becomes negative for sufficiently small @/@,. It is supposed here, 
however, that before this occurs the diffusion effects have invalidated the 
solution. An a posteriori check of the viscous diffusion effects implied by the outer 
solution is therefore worth while. 

The procedure is to feed back the above (inviscid) solutions for U, V and W 
into the full Navier-Stokes equations (1), and to compare the magnitudes of the 
terms representing inertia and viscous forces. It can be shown, if this is done, that 
the outer solution implies negligible viscous forces in the axial direction. But 
circumferential viscous forces are implied: the ratio of inertia to viscous terms, 
if we assume that ¢, is not large compared with unity, is found to be 


Ill 


The product OZR 
is of special significance. It is clear that in a region of dimensions 6 = O(¢y1Rz?*) 
diffusion effects must become appreciable, and the outer solution must become 
unrealistic. Thus it can be deduced from the outer solution that a diffusive 
subcore exists and, moreover, that circumferential viscous forces play the 
dominant role in its generation. Note that this subcore can be made as slender 
as desired by taking R, sufficiently large. The limit (with ¢, bounded) R, -> « 
therefore constitutes the formal condition for the present model of the vortex 
core to be self-consistent, because only in this limit will an inviscid outer flow 
which is conical be compatible with an inner diffusive subcore which cannot be 
conical. Note finally that as R, + oo then, for the edge of the subcore, 0,/0, > 0, 
and, from equations (7) and (8), 
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3. Inner solution; 
3.1. Approximation of the equations of motion 
Equations (1) apply to the diffusive subcore, but they are intractable as they 
stand. In this subsection, approximations will be made to simplify the equations. 
What is wanted is an approximate solution valid for large but finite Reynolds 
numbers. The first step would be to make the usual boundary-layer assumptions 
(that the Reynolds number tends to infinity, and so on), and to seek an inner 
solution which satisfies the proper conditions on the axis of symmetry and tends 
asymptotically to the outer solution with increasing distance from the axis. 
If no more than this is done, however, it is found that the equations of motion 
are still intractable, mainly because large variations of the axial velocity are not 
excluded. Fortunately, the boundary-layer assumptions can be coupled with 
other assumptions based on the boundary conditions. The symbols u, v, w will 
be retained for the velocity components within the subcore. On the axis of 
symmetry, r = 0, a diffusive fluid satisfies the conditions 
“Ou 
~—=v=w=0. 
or 
At the edge, 7 = r,, of the subcore, we have, in the limit as viscous diffusion 
becomes negligible, 


w=U, v=, and p=p). 
The assumptions suggested by the above boundary conditions are, first, that 
wu = const. + O(eu), (lia) 


where ¢€ is small; secondly, since the outer solution suggests (§ 2.2) that axial 
viscous forces will not be significant in the outer part r > 6, say, of the subcore, 


Ou cU 
el . (5): 


115) 
Qe - eo 1 — 
er r<é a Or r=6)) 
and, thirdly, w = O(W) = O(W7/1r,). (11c) 


The first of these, (11a), will be justified eventually: it is not introduced merely 
to simplify the equations of motion. An expression for e, 


e = 2 log (0, R}), (12) 


can be deduced, by establishing from equation (1b) that 6 = O(zRz}) and 
integrating du/@r. But it can be shown from the outer solution that 0, R} is large 
for large Reynolds numbers. If ¢€ is to be small, therefore, a limit will have to be 
placed on the magnitude of 0, Ri. 

The assumptions similar to those made in boundary-layer theory are that 
(i) the Reynolds number is large or, formally, R, > oo, and (ii) the circum- 


+ A more detailed account has been given (1960) by the author. 
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ferential viscous forces, which have the dominant role in generating the subcore, 
must be as important as the circumferential inertia forces (within the subcore) 
and must be negligible at the edge. 

These two sets of assumptions—from the boundary conditions and from 
boundary-layer theory—enable the orders of magnitude of the terms in equations 
(1) to be specified in such a way that solution becomes practicable. Now, as 
pointed out in the previous section, the condition R, - « implies that 0,/0, > 0 
and that ¢?-> 0. The basis of the present approximation to the equations of 
motion will be to make use of the smallness of 4} and € to simplify the equations. 
¢? will be treated as a small parameter; unlike @,/@,, it remains a meaningful 
parameter for finite Reynolds numbers. It can be deduced from the outer solution 


that, for dj > 0, 1 ow, 7 OW, 


ge ge Mc a, 13 
log 4, 0,U, 0,U, (13) 


so that ¢7 is a measure not only of the helix angle of the spiralling streamlines 
at the edge of the subcore but also of the rate of convergence of the streamlines. 

On neglect of the terms in equations (1) that are smaller by a factor of either 
¢7 or €, the equations reduce to 


Cu cw ow 
a—-t=-+— = @, (14a) 
Ox oor fr 
_ ou lo {C?u ldu 
Oe oe tats a) (140) 
Cx pox or? or Or 
_ Ov Cv vw oy lov iv 
U,—-+w-+— = o(; Cos -- 3). (14c) 
Cx or or Or? ror. rr? 
vw 1ép 
oe ae, (14d) 
r por 


As the equations stand, they are still intractable, but clearly if some approxi- 
mation to w could be substituted in (14c), so that the equation yielded a satis- 
factory first approxjmation to v, completion of the solution would be straight- 
forward. Now, for r <r,, the terms in (14c) containing w become negligible 
anyway, so that any chosen w need be an adequate approximation to the correct 
w for larger r only. The obvious choice, therefore, is the formula given by equa- 
tions (6) respective to the outer solution, namely 


Thus w is assigned its correct magnitude and gradient at r = r,, and its correct 
magnitude at r = 0. Substitution in equation (14c) yields 


cv Warov Wyv ey lov v 


ast saa) sails 


The equations (15), (14d), (146) and (14a) can be solved successively, to yield 
first approximations to v, p, u and w, respectively. This would in fact be the first 
step in a process of solution by iteration. In this process the adoption of the 
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formula given by the outer solution for w would constitute the ‘zeroth’ approxi- 
mation. However, only the first approximations will be sought here, and whether 
the process of iteration is justified will be put aside. 


3.2. Transformation of the equations and the form of the solution 


The equations for the subcore are still not easy to solve, because they contain 
partial derivatives. This would be remedied if, by transformation of the variables, 
similar solutions could be found. A new independent variable 


C= Keel r (16) 


is therefore introduced to replace r as the measure of the radial distance from the 
axis. For the region within which viscous diffusion must, according to the 
a posteriori check, become appreciable, it can be shown that ¢? = O(1/¢7); and, 
for the edge of the subcore, ¢? > 1/7. Similar solutions of the form 


u = Ula) f(Q), v=Vyw)g(6), & = const. @7) 


will be sought, where df/d€ = g = Oat € = Oand f=g = 1 at €=¢. The value 
of ¢, may be arbitrarily chosen, provided it is large enough to satisfy the condition 
¢? > 1/¢} and not so large that the assumption (11a) is invalidated. 

Equations (15), (14d), (146) and (14a) are now transformed by substitution 
of the new variables f, g and €. After some labour, in which the outer solution is 
used, terms that are smaller by the factors $? and ¢€ are again neglected, and the 


result is 
d*g (€ 1\\dg (¢} 1 
— : ‘ — = Q, 8 
ze(s*z) zea a) 9 me 
1 ep oe 
pat Vip (19) 
af (€ l\df g? , ff ftg? 
: ; =—- P+ | 2d, 20 
it (s+gag~ 28+ |, e% _ 
x \* 0 o? “df 
ce Sgr ih: 21 
(=) ae (6) = — "9 $+ ge = 


It is clear from equations (18) to (21) that the form of solution specified by equa- 
tions (17) is compatible with the equations of motion. Therefore, since the 
boundary conditions are already satisfied, the similar solutions (17) exist, and 
the calculations of the solutions can proceed. 


3.3. Solutions of the transformed equations 


Once a solution for g is obtained from equation (18), solutions for p, f and w are 
readily derived. The solution of equation (18) is 
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where k is a constant fixed by the boundary condition g = 1 at € = &, and ,F, 
is a confluent hypergeometric function (see, for example, Jeffreys & Jeffreys 
1956, ch. 23). 

By substituting kG(¢j, ¢) for g, equations (19) and (20) can be integrated to 
yield p and f respectively, and substitution for df/d¢ in (21) then enables w to 
be calculated. The results may be expressed in the forms 


f= 1+ O(F,-F) + Pi(e,— a) Py), (23) 
w 0 

W, 0, [3+h(H + di PP,)), (24) 

TR = cpa POUPL-P, (25) 


pU? pU?~ 


where F, H and P are functions of ¢3 and ¢, given by 


=; @ ac\acla 
F=- aI (amor te |, gexpie 2 (@ -#] > a) ag cre dé, 
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£ G2 
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and « and f are functions of ¢ only, given \ 


§ exp (4¢7) — 
Jo Sexp 4S) “dg 
, [exp (1¢2)—1] 
bal emugy % 


To the above may be added an expression for the total pressure pp, derived from 
equations (22) to (25) and (17): 
Po = Porl = Po2) — 3P Vi(1 — kG?) 

» kei pUil(P,—P)-(K.-F)— $(% —«) Py]. (26) 
The functions F, G, H and P have been computed for ¢7 ranging from 0 to 0-6 
in increments of 0-1, and the numerical results have been tabulated by the 
author (1960), together with numerical values of « and /. Curves of the function 
G (= v/(kV,)) are plotted in figure 8. For large ¢, the asymptotic form of the con- 
fluent hypergeometric function gives 


As might be expected, this is the same as would be obtained from equation (18) 
if the viscous terms therein were neglected. 

Comparison of the solution for G with its asymptotic form indicates how viscous 
diffusion effects vary within the subcore. Included in figure 8 are the asymptotic 
curves for the cases ¢7 = 0 and ¢? = 0-6. It can be seen from these that the 
effects decrease rapidly as ¢ increases, up to about € = 6, and that by € = 10 they 
are small. A close examination shows also that the decrease is more marked for 
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¢? = 0-6 than for #7 = 0. Thus, the comparison shows the results to be consistent 
with the condition ¢? > 1/43: the magnitude of ¢ at the edge of the subcore must 
indeed be large for diffusion effects to be vanishingly small, and the smaller the 
magnitude of ¢? the larger must ¢, be. But the comparison shows, in addition, 
that it will be sufficient for a first approximation to take ¢, equal to, say, 8 or 10, 
independently of ¢?. For although a smaller ¢7 will imply that diffusion effects 
will persist to a larger ¢, those effects will be small enough to be neglected anyway 
for € beyond 8 or 10. 
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Ficure 8. Curves of the function G from the inner solution, together 
with asymptotic solutions, for different values of ¢. 


Equations (22) to (26), together with (17), constitute an approximate inner 
solution, and describe the structure of the diffusive subcore. On the axis the 
circumferential and radial velocity components, v and w, are zero, and so also 
are the radial gradients of the axial velocity wu, the static pressure p, and the total 
pressure >, with w taking a maximum value and p and py minimum values 
there. The circumferential velocity is a maximum at a distance from the axis 
which decreases with both increasing $? and increasing R,. The radial velocity, 
which describes an inward flow, grows with increasing distance from the axis, 
from half the magnitude given by the outer solution. The circumferential and 
axial components, and the pressures, have magnitudes at the edge of the subcore 
equal to those given by the outer solution. 

From the inner solution the effects of variations of Reynolds number can be 
worked out, and a brief illustration of this is given in the following section. 


3.4. Reynolds number effects 


y y 


Given a vortex core for which 6,, U,/V,, V/V. and Cy. = (P2—Po)/4pV%, are 
specified, what are the effects of variations of the Reynolds number R = V,,2/v 
on the core structure? Evidently the effects must be confined to the subcore. 
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As suggested in the previous subsection, ¢ is taken to be constant, independent 
of dj and, consequently, independent of R. Such a constant ¢, is in fact a measure 
of the size of a subcore, for, as can be seen in figure 8, the range of € over which 
viscous diffusion effects become small is roughly the same for different solutions 
of the subcore. 

From — (16) and (7), we get 


pil U, 4 } U; ~~ , 0, 1 
& = Bil T v,. “4, pt?” ke V 0, | 1—{./(1 + 243) — I} log 9.) | = const. 
\"a 42 © UP 


It follows that d0,/dR < 0, or that 0, decreases as R increases. @, is a direct 
measure of the slenderness of the subcore: the larger the Reynolds number, 
the slenderer is the subcore. 

A number of trends can be deduced. Suppose the Reynolds numher is increased 
from R to R’, so that 0; < 6,. From equations (7), (8) and (149), respectively, 
U,>U,, Vi >V,, and p; < p,. Since U; > U,, equation (13) yields ¢;? < ¢?. 
From equations (17), (13) and (23), it appears that 


, 2W, Al 9 49 , 79 , , 
Unax — Umax = > k?(F, +0, G3 P,) + 6§—k?(F, +0, 0)? P;) — 9}, 


max max 6 "7 
2 


and from equations (25) and (26), respectively, again with use of (13), 
P 4pW3 k2P, k’2P" 
Prmin — Pmin = YP aa 1s ay Ne iP rs —_ “2 | 
and Po min ~ Pomin = $p V3 = 40 F;* 


+4 Wi (i? k’ : ' se 
= - (P,-F,-4, ¢)PF,) -z 7a (Pa — - Fi-m9iP). 


Now it can be checked from the tables that, for €, = 8 or 10, each of the expres- 
sions in square brackets in the above three equations is negative. Furthermore, 
Pp; < p,and V; > V,. Therefore the three equations yield w,,.. > Umax» Pmin < Pmin: 
and 5 min < Pomin- Lhus an increase of the Reynolds number yields, on the axis, 
an increase of the velocity and a lowering of both the static and total pressures. 
Alternatively, for any particular vortex core, the Reynolds number R = V,,2/v 
grows with the distance z from the apex. Along the axis, therefore, the velocity 
increases, and the static and total pressures drop, with increasing distance from 
the apex. 


4. Comparison with experimental results 


The above theory has been employed to calculate the velocity and pressure 
fields within a particular vortex core. For the boundary conditions at the out- 
side edge of the core, numerical values based on Earnshaw’s measurements 
(1961) were used, so that the theoretical results are directly comparable with the 
experimental profiles of figures 3-5. The numerical results for u/V,,, v/V,, (wand 
v now are taken to refer also to the outer solution), C,,, and Cy = (py—p.)/SpV%. 
have been superimposed on the corresponding experimental results in figures 3-5. 
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The joining of the inner and outer solutions for u/V,,, v/V,, and w/W, is shown in 
figure 10, but this will be discussed in the final section rather than here. 

In addition, the variation with the Reynolds number R = V,,2/v of Ujax/V, 
in subcores corresponding to the particular outer solution considered here has 
been calculated for R ranging from 10°° to 10%. Values of & below 10°° were 
excluded because, with the present outer solution, errors in the inner solution are 
then likely to be appreciable. For example, in the experiment & = 2-22 x 108, 
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FicureE 9. Variation with the Reynolds number R of the 
velocity along the axis of the vortex core of §4. 


and this gives ¢} ~ 0-2 and e ~ 0-4, whereas the theory requires 4? < 1 and 
é <1. For smaller R, dj and ¢ are still larger. It is thus perhaps questionable 
whether this comparison is a fair test of the theoretical inner solution. The 
resulting curve of w,,,,/V, is plotted in figure 9, together with the few available 
experimental results, and it can be seen that theory and experiment give similar 
upward trends of w,,,,/V.. with increasing Reynolds number. 

Compare now the theoretical and experimental profiles of figures 3-5. The 
outer solution is seen to give results which agree fairly well with the experi- 
mental results. The static pressure profiles, outside the subcore, are in markedly 
good agreement. That there are some discrepancies may be attributed to the 
theoretical assumption that the flow field is inviscid, exactly axially symmetric, 
and exactly conical. On the other hand, the inner solution gives results which 
differ appreciably from the experimental results: the predictions are only quali- 
tatively correct. The theoretical velocity and pressure gradients in the subcore 
are too large, and the peaks are too pronounced. The theoretical subcore is too 
slender. Now, it does not seem likely that instrument errors, or too large a 
value of ¢? or €, can account for the discrepancies. So, while the viscous diffusion 
outside the subcore and effects of the flow near the apex should not be overlooked, 
it is natural to question the assumption of laminar flow in the subcore. Measure- 
ments by Lambourne & Bryer (1959) in a similar leading-edge vortex have 
suggested that the flow in the core is turbulent. The poor agreement here also 
suggests this. If this is so, the laminar theory might still be applied, but only 
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in a limited way: theoretical and experimental results might be matched by the 
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introduction of an eddy viscosity, for example as Newman (1959) has done. 
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the 5. Discussion 
First, the present work will be briefly summarized. Then, the joining of the 


tric, 
hich inner and outer solutions, and the validity of the theory will be discussed. 
uali- Finally, some extensions of the work will be considered. 
core The theoretical results obtained stem from the type of vortex core model 
} too originally chosen. The essential features of the model were (i) that the flow is 
ze a continuous and rotational, and (ii) that viscous diffusion is confined to a relatively 
sion slender subcore. Allied with the assumption that the flow is axially symmetric 
ked, and incompressible, these admitted outer and inner solutions for the core. For 
ure- the outer solution the subcore was ignored and the flow was taken to be inviscid 
lave and conical. The results (§ 2.1) were in simple logarithmic form. For the inner 
also solution, which applied to the subcore, the flow was taken to be laminar, and 


only approximations, some based on the boundary conditions and some analogous to 
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those of boundary-layer theory, were made. The results of § 3.3, in this case first 
approximations, appeared as similar solutions. Given the axial and circum- 
ferential velocities, the pressure, and the Reynolds number at the outside edge 
of the core, the velocity and pressure fields within the core can be calculated. 
The comparison with experimental results (§ 4) showed fair agreement, except in 
the details of the subcore, and this does not necessarily imply a fault in the model 
chosen, because it seems likely that the flow in the subcore of the experiment 
was significantly turbulent. Over-all qualitative agreement was good. 

Figure 10 shows the joining of the profiles of the axial (w), circumferential (v), 
and radial (w) components of velocity, respectively, for the particular vortex 
core of §4. For wand v, the magnitudes given by the inner and outer solutions at 
¢, = 8 were equated. Each join is seen to be smooth: the gradient is so nearly 
continuous that the extension of the inner solution to ¢ = 10 virtually coin- 
cides with the outer solution. ¢, could equally well have been taken to be 10, say, 
but could not have been taken much larger without violating the condition ¢ 
(= di logé,) < 1. For w, the only boundary condition satisfied was w = 0 at 
¢ = 0, and yet the inner and outer solutions very nearly coincide at € equal to 
8 or 10. Had the Reynolds number been larger, even smoother joins could have 
been obtained. 

The smoothness of the joins justifies two assumptions that were introduced 
tentatively. The first is the approximation made for w in equation (14c). The 
second is the vital simplifying assumption (§3.1) that the variations of axial 
velocity in the subcore are small, or € < 1: since the join is smooth, it can 
be said that at the edge of some region for which ¢ <1 does hold, viscous 
diffusion is indeed negligible, and thus there is a sound physical basis for the 
assumption. 

The above points are related to the internal consistency of the theory. For 
example, it can be shown from equation (23) that f (= u/U,) = 1+0(¢? log C1), 
as is required by (11a) and (12). Again, it can be shown from the outer solution 
that as 9 -> 0 equations (2) can be reduced to the equations obtained by omitting 
the viscous terms in (14). Therefore, with increasing distance from the axis, 
a solution of (14) must tend to one given by (2)—until ¢ and the errors in equations 
(14) become appreciable and the solutions diverge. For sufficiently large Reynolds 
numbers there is an intermediate region, where diffusion is negligible and before 
the solutions diverge, in which a join can be made. This join specifies an approxi- 
mate solution. The exploitation of the smallness of the variations of the axial 
velocity in the subcore thus enables an approximate solution of the Navier- 
Stokes equations to be obtained; but it makes an intermediate join necessary, 
and the solution remains approximate in the limit of infinite Reynolds number, 
unlike boundary-layer solutions which become exact. 

A number of extensions of the present work may be considered. The author 
has obtained (1959) outer solutions for which the pressure field was not neces- 
sarily conical, nor the radial velocity on the axis necessarily zero. For this more 
complicated problem it was convenient to introduce a stream function y, 
defined (in the present notation) by 


U = 2+0dy|d0, W = 02dy/dd. 
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It turned out that V? = Ky, with K = const., and the problem reduced to that 
of solving the ordinary non-linear equation 


dy diy kK 1 
O24 ee ee, 28 
deez” do 2° y (28) 


where, in order that the velocity field be conical, 


x (Cp 
B= = (; = const. 
=P \CX] g—const. 


It was found, other conditions being equal, that a positive pressure gradient 
cp/éa along 0, reduced the axial velocity within the core, increased the cireum- 
ferential velocity, reduced the radial velocity, and increased the magnitude of 
the pressure difference (p.—p). A negative pressure gradient had the reverse 
effect. The relaxation of the condition of zero radial velocity at the axis left the 
boundary condition W,, which is a measure of the rate of flow into the core, free 
to be varied. It was found that small variations in W, produced comparatively 
large changes in the flow field within the core. 

It should be mentioned that if the field for U and V is paraboloidal, depending 
on © = r/x", n = const., instead of conical and dependent on @, then (if one 
supposes that x?”-? = O(1) and Ody/dO = O(ys)) an equation identical in form 
to (28) is obtained, with © replacing @, and 


eS 
x [ep 
L= ae (:2) = const. 
2np Ox ©=coust. 


replacing lJ. It is still true that U = 2+ Ody/dO and V? = Ky, but 
W = nz""0?dy/dO. 


Therefore the solutions for U and V in a paraboloidal field, as functions of 0, 
are identical to the solutions for U and V in a conical field, as functions of 0, 
for L = I. 

Should practical reasons require the calculation of solutions for small per- 
turbations of conical or paraboloidal field, or axial symmetry, this should be 
straightforward. 

The present results also provide a basis for the investigation of ‘vortex 
breakdown’, an abrupt change in the flow from the pattern considered here, at 
some position downstream of the apex. This has been studied experimentally 
by Elle (1958), Peckham (1958), and Gray (unpublished), and theoretically by 
Squire (1960) and Jones (1960) who suggest plausible, but different, explanations 
for the phenomenon. 

Finally, a first approximation to the temperature distribution in a real vortex 
core may be obtained by substituting the (incompressible) results for the velocity 
components into the energy equation, for example as Rott (1959) has done. This 
would constitute the first step in an iterative solution for a compressible vortex 
core. 





228 M. G. Hall 


REFERENCES 

Cox, A. P. 1959 Measurements of the velocity at the vortex centre on an A.R.1 delta 
wing by means of smoke observations. Aero. Res. Coun., Lond., Rep. no. 21,116. 

EarnsHaw, P. B. 1961 An experimental investigation of the structure of a leading edge 
vortex. Aero. Res. Coun., Lond., Rep. no. 22,876. 

Exe, B. J. 1958 An investigation at low speed of the flow near the apex of thin delta 
wings with sharp leading edges. Aero. Res. Coun., Lond., Rep. no. 19,780. 

Hatz, M. G. 1959 On the vortex associated with flow separation from a leading edge of 
a slender wing. Aero. Res. Coun., Lond., Rep. no. 21,117. 

Hatz, M. G. 1960 A theory for the core of a leading edge vortex. Aero. Res. Coun., 
Lond., Rep. no. 22,660. 

JEFFREYS, H. & JEFFREYS, B. 8S. 1956 Methods of Mathematical Physics, 3rd ed. Cam- 
bridge University Press. 

JoneEs, J. P. 1960 The breakdown of vortices in separated flow. University of Southamp- 
ton, U.S.A.A. Report, no. 140. 

LAMBOURNE, N. C. & Bryer, D. W. 1959 Some measurements in the vortex flow gener- 
ated by a sharp leading-edge having 65° sweep. Aero. Res. Coun., Lond., Rep. no. 
21,073, Curr. Pap. no. 477. 

MAnNGLER, K. W. & Smitu, J. H. B. 1959 A theory of the flow past a slender delta wing 
with leading edge separation. Proc. Roy. Soc. A, 251, 200. 

Newnan, B. G. 1959 Flow in a viscous trailing vortex. Aero. Quart. 10, 149. 

PreckuHamM, D. H. 1958 Low speed wind tunnel tests on a series of uncambered slender 
pointed wings with sharp edges. Aero. Res. Coun., Lond., Rep. no. 20,727. 

Rott, N. 1959 On the viscous core of a line vortex. II. Z. angew. Math. Phys. 10, 82. 

Squire, H. B. 1960 Analysis of the ‘vortex breakdown’ phenomenon. Part 1. Imperial 
College Aero. Dep., Rep. no. 102. 











lelta 
). 

edge 
lelta 
ve of 
9UN., 
Jam- 


ump- 


ener- 
- no. 


wing 


nder 


B2. 
erial 





2IQ 


Ship waves in a stratified ocean 


By ALBERT A. HUDIMAC 


U.S. Navy Electronics Laboratory, San Diego 52, California 
(Received 5 July 1960 and in revised form 20 March 1961) 


The velocity potential for a simple source moving in a straight line at constant 
depth in a two-layer ocean is obtained by the Fourier transform method. It 
is used to develop a formula for the wave-making resistance of a ‘thin’ ship for 
both surface and internal waves. An asymptotic expansion is used to delineate 
quantitatively the internal wave system. It is shown that at speeds less than the 
critical speed transverse and divergent wave systems are excited, while at speeds 
greater than the critical internal wave speed only the divergent wave system is 
excited. Examples of the shape of wave crests and of wave heights are given. 





1. Introduction 

Free waves in a homogeneous fluid with a free surface are characterized by a 
maximum vertical displacement at the surface. In deep water, the vertical 
displacement of a water particle decreases exponentially downward. In strati- 
fied water, other types of free waves may occur which are called ‘boundary waves’ 
or ‘internal waves’. They are characterized by having their greatest vertical 
displacement in the interior. 

The ocean has a vertical density structure. There often is a surface layer 
(usually quite homogeneous) which is separated from the denser fluid below 
by a more or less narrow thermocline region. Such layers may be caused by 
heating, cooling, mixing, and the advection of water masses. 

The excitation of waves on the surface of the ocean by a displacement ship 
has been treated by various approximations. A comprehensive survey is given 
by Lunde (1951). In practically all cases the ocean is treated as if it were homogen- 
eous; there is very little early literature (see Lamb 1916) on the excitation of 
internal waves. There has been work on the comparable situation in the strati- 
fied atmosphere, e.g. the work of Kochin (1949) and Warren (1960). Ekman 
(1904) has shown experimentally that a ship moving near the critical internal 
wave velocity (velocity of waves for which the wavelength is large compared to 
the thickness of the layer) strongly excites internal waves if the keel depth is 
about equal to the thickness of the layer. The transfer of energy from the ship to 
the internal waves is manifested by an increase in resistance to the motion of the 
ship. Under suitable circumstances, this increase of resistance can be manifold. 
The phenomenon is referred to as ‘dead water’. 

The author (1958) developed a formula for the resistance of a ‘thin ship’ 
in a two-layer ocean. An algebraic error invalidated the results. One purpose 
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of this paper is to present the correct results. Sretenskiit (1959) used a some- 
what different method of analysis to derive such a formula. It can be shown that 
the results are exactly equivalent. 

Another aspect of ship-excited waves is their peculiar pattern. For a homo- 
geneous ocean, an explanation and treatment of this effect was first given by 
Kelvin (1887); it has also been treated by many others, e.g. Hogner (1923) and 
Peters (1949). The pattern of the corresponding internal waves formed in a two- 
layer ocean is delineated in this paper. 


2. Motion of a simple source at constant speed, direction, and depth 
in a two-layer ocean 

For simplicity, a two-layer model of the ocean will be considered. Perturbation 
theory (see Lunde 1951) can be used to replace a ‘thin ship’, to the first approxi- 
mation, by a distribution of simple sources over the centre-plane section. The 
velocity potential for a simple source in a homogeneous fluid with a free surface 
has been determined in several ways; it is occasionally called a Havelock source. 
The objective of this section is to find the corresponding Green’s function for a 
two-layer ocean. The mathematical statement of the problem is given in the 
next few paragraphs. 

Fix a co-ordinate system in space such that the (2, z)-plane lies in the undis- 
turbed interface between a layer of fluid of density p, and thickness h, lying on 
another fluid of density p’ = Ap+p, of semi-infinite extent. Consider a simple 
point-source moving with constant velocity, c, in the direction of increasing 
x at a constant distance, /', above the undisturbed interface. If the layer were of 
infinite extent, the potential would be 


4 lp 2 (y 2 214 42 
ga mr, = (w—et)P?+(y—fPr+2, (1) 
assuming the source of strength m to pass over the origin at ¢ = 0. 
If the source is assumed to have started at x = — oo, then at any finite distance 


from the origin, the potential ¢, in the layer, the potential 4’, below the layer, 
the pressure, p, the displacement of the free surface, 7,, and the displacement of 
the interface, 7;, are of the form 


b = d(x—ct,y,z), p= p(x—ct,y,z), Y= 4(% — Ct Y, 2), | (2) 
’ J rs 


b’ = d(x—ct,y,2), 9; = ,(x—ct, y, 2). 


vn) 


Now consider a co-ordinate system moving with the source such that the axes 
(%, ¥, z) are parallel to the stationary axes. Let 
Z=2-—c, J=y, Z=2, t=t. (3) 
In the fixed co-ordinate system, the potentials ¢ and ¢@’ satisfy Laplace’s 
equation, the former everywhere in the layer except at the source, and the latter 
everywhere in the lower fluid. The potentials ¢ and ¢’ in the moving co-ordinate 
system still satisfy Laplace’s equation, i.e. 


= _ — m 
Ady == Q, ? am Prt, (4) 
1 


+ The author is indebted to the referee for having Sretenskii’s work brought to his 
attention. 
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where the second equation defines ¢,, which is assumed to be regular, and 
Ag’ = 0. (5) 


The boundary conditions can be linearized by a perturbation method. They 
become, in the moving co-ordinate system, 


$(@, h,z) +g dz,(%, h,2z) = 0, (6) 
pe*prz(&, 0,2) + pg, (%, 0,2) = p'P?D5,(%, 0,2) + p’9P; (2, 0,2), (7) 
$(®, 0,2) = J, (%, 0,2) = —en,, (8) 


where (6) is the combination of the kinematic and dynamic conditions at the 
free surface (and g is the acceleration of gravity), (7) is the dynamic condition 


at the interface, and (8) is the kinematic condition at the interface. Also, ¢’ 
satisfies the condition lim $'=0, (9) 
Ta alas 
and the condition at infinity has the form 
lim 7, = lim 7; = 0. i (10) 


r—>00 > « 

There is no restriction placed on the y’s for ¥ > — oo except that they be 
bounded. In sequel, only the moving reference-frame is used and so the bars will 
be dropped. 

The solution of the problem is obtained by application of the Fourier trans- 
form method.+ The Fourier transform of ¢, is 





- OO 


a ar 
Py(8, ¢) = mh P(x, y, 2) exp { —i(Ex + &)} dadz, (11) 
and the inverse transform is 


b,(2,2) = — [ | ” d(E, 0) exp {ilEx + Le) dEdL. 


The transform of (4) is P : 
Poyy rs (2? oe C?) Pp = U. 


Let £2 + ¢? = w*. This has the fundamental solution 


by = AE, o) ev" + BE, f)e-¥. (12) 
Similarly 
= A'(E, C)ev7 + BYE, Ce. (13) 


Because of condition (9), B’ = 0 
The Fourier transform of the surface boundary condition (6) is 
h(E 4 2627 (¢ ‘ “1 f mC® vy f I i= 
IPoy(S,h, ©) — cE P,(§, A, ©) — mg exp { — aah —e S exp; — O( i—f)} an 


Here use is made of the well-known relation 


1 “+X expfia —f 7 
1 wi f| exp{+o(y—f)} exp {iléx+&2)}dEdg, (18) 
+(y-fP+2)  27JJ-« to} 


t The method is similar to that used by Timman & Vossers (1953). 
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where ‘—’ is used for y > f and ‘+’ is used for y < f. Thus the transform of 
(a? + ( ae PP 
is F (exp — [a? + (y—f)?+27]) = ow exp{+o(y—f)}. (16) 


The Fourier transforms of the nati conditions (7) and (8) are 


PrylE, 0,6) + me" = F,(E, 0, €), (17) 
— pcré?d,(£, 0, £) + pgdy,(E, 9,6) —pe®w1é2me-7S + pgme-*F 
= —p'ebd'(E, 0,6) +p'9gy(é, (18) 


Substitution of (12) and (13) into (14), (17), and (18) gives a set of three simul- 
taneous equations in A, B, and A’. Solutions are obtained and substituted in (12) 
and (13) to give J, and ¢’. The inverse transform of ¢, and ¢’ then gives the for- 
mal solutions, ¢, and $9, which are not the complete expressions for ¢ and ¢’, 


m m[(® Pexp{i(gr+f)} _, 
be ea aoe [ee Is 
tom sta [I 0 dédg, (19) 
0 202k2R eve t. 
ion = [{ 2¢ e oe {u(x + €z)} dé dt, (20) 
eo _ 


where 


P = (0°? + go) [—(p’ +p) °6? + (p’ —p) gal exp {—(h-f—y) O} 
— (0°? + ga) (c°S? — ga) (p' —p) [exp {—(h+f—y) o} + exp {—(h-f+y)o}] 
+ (0°96? — ga)? (p' —p)exp {(h—-f—y) a}, 
Q = o(0?E? — go) {[(p' +p) °&* — (p' —p) ga e'” + (c°E? + ga) (p’ —p)e™”}, 
and R = (c?22 go) exp {(h —f) o} — (2+. gu) exp {—(h—-f) o} 
When expressed in polar co-ordinates, which are defined by 


E=acos0, €=asin0, (21) 
equation (19) becomes 


mm [" * M (0, 7) cos (wax cos 0) cos (wzsin J) 
—-+ ; 

0 (w7—-@,) 99. D) 
where 


M(0,@) = sec? O{(c?a@ cos? 0 + q) 


, 


x [—(p' +p) a cos? 0 + (p'’—p)glexp{—(-f—y) o} 

—(p' —p) (c?a cos? 0 —g) (c2a cos? 6 +9) exp {—(h+f—y) o} 

+ (p’ —p) (c? w cos? 0 —g)* exp {((h —f—y) o} 
( 


—(p’ —p) (ce? wcos? 0 +9) (C2 weos? 6 —g)exp{—(h—f+y)a}, (23) 


Wy = gc-* sec? 0, (24) 
g(0,@) = cos? O(ap'c? coshha + apc? sinhhw)—(p'—p)gsinhhw. = (25) 


To check the condition (10), it will be necessary to find the limit of this integral 
as x > 0. To do this, first note that the singularities of the integrand lie on two 
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curves, © = Wy, where @, is given by (24) and w = a, where 2, is given by the 
implicit relation g(9, 7) = 0. (26) 
The curves do not intersect. They are shown roughly in figure 1. The second of 
these curves behaves in a manner dependent on F, the ratio of the speed to the 
critical internal wave speed, i.e. 
F? = c*p'/Apgh, Ap =p'—p. (27) 
Now consider the integration with respect to @ for a fixed value of 0 and for 
large x. It is clear that the interval of integration can be broken into two parts: 
I, from 0 to w, and J, from w, to «0, where a, > DW, > 74. 














FicurE 1. Singularities in integrand in (12). 


The limit of the integral over each interval as x goes too may now be evaluated} 
by means of the Fourier single-integral limit theorem 


| a f(8)+9)+f(s9—9)] (a < 89 < 4),) 


_ b sl t 8-—S 1 0 = § 
oe sin les , 0] as an infla+ ) (@=4), (28) 
t>o Ja S—Spo | taf(b—0) (b = So)s 
0, @>& or b< &%. 


The limit is zero in each case if the cosine function occurs instead of the sine 
function in (28). 


+t The application of this theorem to the question of the condition at infinity in ship 
wave problems is due to John V. Wehausen. 
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For the interval that includes the singularity at @,, only the. first term in 
M(0,@) gives a non-zero contribution. That term cai readily be written in 
a form such that the foregoing theorem applies. This part of the integral then 
gives 

a ae 4mpq Se sec?@ sin (ag sec 0/c?) cos (zg sin 0 cos? @/c?) dé 
aie 2 J, pexp (hay) + (¢’ —p) exp (—ha,) 
(29) 


Since this term is not zero, ¢, as given by (22) violates the condition at 2 = +00. 
This can be rectified by subtracting this expression from (22). It is clear that this 
expression satisfies Laplace’s equation; together with the other parts of the 
solution, it satisfies the boundary conditions. 

The integral over the interval that includes the singularity at 7, can also be 
put into a form such that the theorem applies, although the fact that a, is given 
only implicitly by g(9,@,) requires special treatment. This part of the integral 
then gives 


— 2 ge @) sin (2w, cos dct sin ai mall (30) 
I> Ja (@,— Mp) G(9, W) 
where a=cos UF), F>i: a=-6, F< i, 


G(0,@,) = p’c* cos? 0 cosh ha, + hp'a,c? cos? 0 sinh ho, 
+ ho,pc* cos? 6 cosh ha, + pc? cos? 6 sinh ha, 
—h(p' —p)gcosha,. 


Since this term is not zero, it too is subtracted from (22). Thus the total expression 
for the velocity potential in the layer, 

a Ie —_— | 

@ = ¢)— lim 4,— lim £, 


rw—>@ r—> 


is obtained from (22), (29), and (30). 


3. Forces on a thin ship 

Consider a ‘thin’ ship in steady motion having a speed c in the direction of 
the x-axis, the co-ordinate system being the same as that used previously. For 
a deep ocean, the linearized equations have been used} to demonstrate that the 
ship may be replaced effectively by a distribution of sources over the centre- 
plane section whose strength is given by —}c7—1!€,(x, /), where the shape of the 
hull is given by ¢(x, y). This leads to a velocity potential 


O(z,7¥,2) = (| — ten, (a, 8) A(x, y, 2; a, 8,0) dadp, (31) 
ve So 

where S, is the area of the centreplane section, and H is the potential for a 

‘Havelock source’. The resistance, 2, to the motion of the ship is then given by 


re 


R = 2pc | D(x, y, 0) C(x, y) dady, (32) 
So 


where, it turns out, some of the terms in ®, make no contribution. 


+ See Lunde (1951). 
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The same procedure may be applied to the case of a thin ship in a two-layer 
ocean. Again, the ship may be replaced effectively by a distribution of sources 
over the centreplane section whose strength is given by —4cem—€,(a, 2), where 
the shape of the hull is given by ¢(x, y). The velocity potential is 


D(x, y,z) = [| — tem C(a, 2) P(x, y, 2; a4, 2, 9) dadZ, (33) 
Aue 


where 4(x, y,z; «, ,0) is given by (22) minus (29) and. (30), with the following 
modification. The source had been taken at (0,f,0). We now replace f by # and 
« by (wx—a). The resistance to the motion of the ship is given by substituting 
this into (32). 

The contribution to R from the a-derivative of the part of ¢ given by (22) is 
zero. Thus 


R = a | | dx dy €,(x, y) [ dad C,(x, B) 
71° So 


oJ) So 





[" exp {—(h—f—y) m,} sec? 0 cos {g(a — a) sec A/c?! dl 
/0 pexp (hay) + (p’ —p) exp (—hmp) 
~ei dudy C(x, y) | dadp €,(a, P) 

TS J So Sao 


(27 a, cos 6M (0, a,) cos [(a—a) a, cos 
x| @, cos 6 M(0,0,) cos [(x — a) w, cos Ju. 


34 
(@,— Ty) G(9, W,) a4) 


eda 
If h is made infinitely great, the second term goes to zero, and the first term 
goes over into the well-known Michell’s integral for the wave-making resistance 
of thin ships 
4q’p [ rn re , 4a " 
R= — | di dy €,(x, ” || dadp f(a, B) d0 sec® 0 
all So So “0 
x exp {g(y + £) sec? 0/c?} cos {g(a —a) sec O/c?!, (35) 


weds 


where here the origin lies in the undisturbed free surface. Thus (34) is a generaliza- 
tion of Michell’s integral to the case of the two-layer ocean. 


4. The asymptotic evaluation of the velocity potential of the ship’s 
internal wave system 
The results given above for the velocity potential due to a moving simple 
source are so complex that a general evaluation of the integrals does not appear 
to be possible. However, an asymptotic solution for large negative values of x 
would be useful in delineating the wave pattern far aft of the moving source. 
The double integral in (22) is first reduced (asymptotically) to a single integral. 
The method used is exactly the same as that used to obtain (29) and (30). Note, 
however, that large negative values of the parameter, x, are considered. This 
changes the sign of the limits given by (29) and (30) and further leaves error terms 
of Ox—}. Thus, to this degree of approximation, for x < 0, 
d(x) ~ — Segm [" exp{—(h—f—y) mo} 


sec” 7 sin (ga sec O/c* 
ef 4, pexp (ha) +(p’—p)exp(—ha) sie isin ah 


x cos (gz sec? @ sin O/c”) d0 
2m (27 M(O,a,) sin (aw, cos 9) cos (za, sin 0 
am | (9, @,) sin (7w, ) cos (zm, sin ) 10. (36) 


c (7 — Wo) G9, 74) 


ea 
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The first integral has been evaluated for z = 0 (i.e. on the track) by the method of 
steepest descent, but the details will not be presented here. The result of the 
evaluation showed that the wavelength on the axis was exactly the same as that 
for a homogeneous ocean, and that the amplitude was only slightly different. 
The first integral will not be considered further here. 

The second integral term in (36) describes the internal wave mode for large 
negative values of x. The asymptotic evaluation is difficult because a, is not 
given as an explicit function of 0; there is only the implicit relation (26). Simpli- 
fication is achieved if (26) is used to transform the integral so that the variable of 
integration is w. It helps further if polar co-ordinates are used for the point of 
observation, i.e. 


z=Reosy, z= Rainy. (37) 
The second integral in (36), (call it /,), has the form 
L(R,y) = Im | g(a) [exp {tRh,(w)} + exp {tRh_(w)}] da, (38) 
b 


where b = 0, F > 1;b =@,(0), F < 1, and where g(w@) is continuous and the 
h(a@)’s have non-zero second derivatives almost everywhere in the interval of 
integration, and @,(0) is obtained from (26) with cos @ set equal to unity. 

It is well known that the major part of the value of the integrals in (38) arises 
from the vicinity of the end-points and from the vicinity of those w at which 
h(a) is stationary, i.e. h’(@) = 0; the first-order approximation of the contribu- 
tion of the stationary points, being of O(R-*), is more important than the con- 
tribution from the end-points which are of O(R-1). If there is a stationary point, 
the first approximation is 


L(R, y) ~ Im [27/Rh'.(@)]! g(@2) exp {t[Rh,.(,) + 4m]} 
+Im|[ aa Ds) ]* g(@s) exp {i[Rh_(w3)+4]}; (39) 


here @, Ws, are the stationary points. The stationary points are given by the 
solutions of 

AsinhZ+Z = —sinh Z\? | 
2F°*ZA*—AsinhZ—-Z\ — sinhZ ; 
=coshZ+(g/p’)sinhZ (Z=ho). 


+ tany = 
(40) 


h. 
_— 


The right side of (40) is real and non-negative for all values of Z in the interval 
of integration. Hence, for all Z there is a y for which (40) is satisfied. For h.,, 
the upper sign is used and y is the second quadrant; for h_, the lower sign is used 
and y is in the third quadrant. The two y’s are symmetrical about 7, and the two 
terms in (39) are equal for these values of y. Thus only one of the terms in (39) 
need be computed; let it be the first. 

The solution of (40) is plotted in figure 2 for F = }. The value of y is 7 at the 
lower limit of the range of Z. As Z increases, y decreases to a minimum, then 
increases and becomes asymptotic to 7 as Z > oo. The minimum point on the 
curve defines a critical angle, y, = 2:7933. For y smaller than y,, there is no 
solution, and hence no stationary point. Thus for y, > y, ¢ is O(R-1). For 
Ye < ¥Y <7, there are two solutions to (40), and hence two contributions to ¢ 
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of the form (39). These represent waves (as will be emphasized later), and hence 
there are two sets of waves for this case. This picture is true for quite a range of 
F for which calculations have been made, (see figure 4 for y, as a function of F), 


and is probably true for all F < 1. 


The solution of (40) is plotted in figure 3 for F = 2. The value of y, is 2-618 for 
Z = 0, increases monotonically with increase in Z, and it becomes asymptotic 
to 7 for large values of Z. Thus for y < y,, ¢ is O(R-), while within the sector 
¢isO(R-*). Note that for y, < y < there is only one stationary point and, hence, 
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FicureE 3. As for figure 2, but with F = 2. 








238 Albert A. Hudimac 


only one set of waves propagates. This also has been verified for a wide range of 
values of F > 1. A remarkably simple expression can be obtained from (40) for 
y, when F > 1, 
m—y, = sin) (F-'). (41) 

This is just the Mach shock angle formula! This is also plotted in figure 4. 

Let the symbol Z now stand for a stationary value of Z. The first approximation 
of the contribution of a stationary point to the velocity potential of the internal 
wave is 


nF A2]! 
I,(R,y) ~ Im m Bh | 


{ cosy 


sinh Z + Z cosh Z) 
“\Zsin Z 


|24 cosh Z (Z sinh Z)! — (A sinh Z+Z) | »(Z sinh Z)} 
2(Z sinh Z)? 


siny 


272A — Z sinh Z)} (2F*A2 + 4F?°Z.AB — 2A cosh Z 
+ pga pan | 4 Z sinh Z): (2F2A?2+4F?Z AB — 2A cosh Z) 


(2F?ZA + F°Z*B—sinhZ—Z 

2(F2Z2A —Zsinh Z)? 
{_«-0+40'D\Cexp| -(1_f_% |- _ \ODexn| (1-22.92 
‘i lide ada | (1 7.“ ” (c’ —p) CDexp 1 nth Z 


smo (-f-9)2]-w-neres (ef 


— (2F?Z?A?—A sinh Z—Z) cosh a 


x [D cos O sin 0 p'c?ZA]— exp {i[ RZ cos (9 —y)/h + fa}}, (42) 
where 
—sinhZ+l.coshZ, Cao mhZ _ sinh Z 
B= ee Z, C= Fed +gh, D= Pd —gh. 


Here the angle 7 is computed from (26), with Z taken at the stationary point. 
For F < 1, there would be two such terms, one for each stationary point at a 
4 given y; for F > 1, there would be only one term. 


5. The evaluation of the displacement of the interface 


We recall a relation at the interface 
2,(2, 0,z) = —c7,. (43) 


The expression for 7, the displacement of the interfacey can readily be obtained 
for values of y restricted to y, < y < 7. The solutions can be written in the form 


i pf cos iit ie 
=~ Ral a FS d 2) ie [RZ cos (0 — Z)/h+47], (44) 


+ The displacement of the interface due to the surface mode will not be considered. 
Thus, only the first-order contribution to the velocity potential from the stationary points 
in I, as given by (42) is used. 
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where 


if? tz) = (nF A)! (ZA sin 0 cos? @)-1 


{ COS & 


2A cosh ZZ sinh Zt — anh Z J sinh Z + Z cosh Z 
x \Z sinh Z [24 cosh Z(Z sinh Z)? — (A sinh Z + Z) 


2(Z sinh Z)3 
sin & 


+ F724 we Juma —Zsinh Z): (2F2A2+4F?ZBA — 2A cosh Z) 


2F2Z.A — F2Z?2B—sinh Z— Z cosh Z)])\—3 
_(2F°ZA?— A sinh Z—Z) | ZA —FI I inh Z—Zeco al 


2(F2Z2A —Z sinh Z)3 J 
’ (60 +p'D 
1 _€ (eC +e'D) |- (1-4) 2| D 


exp 
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FicuRE 4. Features of 9(F, p/p’, f/h, y) vs F. Curve A gives the value of y,, curve B the 
value of y for which 9 is a minimum, and curve C that for which 7 is a maximum. 


is a non-dimensional displacement factor which is a function of the non- 
dimensional parameters I’, p/p’, f/h and the variable Z. This non-dimensional 
displacement factor has been computed and is plotted vs Z in figures 2 and 3 for 
F = tand F = 2, withp/p’ = 0-999 and f/h = 0-1. On the same graphs is plotted 
yvs Z for the stationary values of Z. 

Note that (4, p/p’, f/h, Z) has a singularity at y, because h”(y,)iszero. For F = 2, 
nF, p/p’, f/h, Z) is well behaved for all Z. Here, there isa maximum at y = 3-075 
and a minimum at y = 2-807. 

Computations for a wide range of ratios of speed to the critical internal wave 
speed, i.e. ', are summarized in figures 4 and 5. In figure 4 the critical angle is 
plotted as a function of F for a range of F < 1, and for 1 < F < 10. Note that as 
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F increases from a small value to unity, the half-angle of the wedge, 7—y,, 
within which the sensible waves are contained, increases; at F = 1, it is 47, 
and for F > 1 it obeys the law: 7—y, = sin-!(F-!). Also plotted in this figure 
are the positions of the maxima and the minima of the non-dimensional ampli- 
tude as functions of F’. In figure 5, the amplitudes of the non-dimensional ampli- 
tude at the maxima, minima, and boundary points are plotted as functions 
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WF, p/p’, f/h, y) vs F. 


of F. Note the increase with F,, which is surprising in view of the commonly held 
notion that the ‘dead water’ effect is greatly decreased for F even a small amount 
larger than unity. 

Consider the argument of the oscillatory factor in (44). It can be written 


RZ cos (0—y)/h+4a = 2n7R/A(Z) + 42, (45) 


from which it is clear that the displacement, 7, along a ray, y = constant, is 
wavelike. If there are two stationary values of Z for a given y, there are two 
terms in (44), and hence two A’s. Thus for F < 1, there are two wave systems. 
This can be brought out further by delineating the position of the crests. This is 


done by setting 
RZcos(9—y)/h+40=20N or 2aN+41, (46a, b) 


for the cosine case and the sine case respectively, in (44), and where WN is an 
integer. Here, Z is the stationary value for the given y, and @ is a function of Z 
as previously given. Computations have been made using (26) and (40) in (46) for 
the same set of parameters as in figures 2 and 3. The results for / = } are shown in 
figure 6 for four values of V. That there are two sets of waves is clear; they are 
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quite similar to the sets of transverse waves and divergent waves caused by a 
ship in an infinitely deep, homogeneous ocean. The wavelength of the transverse 
wave on the track is such that a plane wave having that wavelength travels at 
one half the critical internal wave speed. But this is just the assumed speed of the 
simple source. Note that the crests of the two different waves do not meet at the 
edge of the wedge. There is a singularity in the displacement due to the break- 
down in the usual first term in the expansion by the method of stationary 











FicureE 6. Internal wave crests for F = 4, p/p’ = 0-999, f/h = 0-1. 
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Figure 7. Internal wave crests for F = 2, p/p’ = 0-999, f/h = 0-1. 


phase. A modification of the computation in the vicinity of this point (it would 
be almost intractable) would probably show a gradual transition in the wave front 
here. The results for F = 2 are shown in figure 7. Here there is only one set of 
waves, the divergent waves. 

From (44) it is clear that the displacement for any point of the crest is propor- 
tional to the product of the factors R-? and (F,¢/p’, f/h, Z). To visualize the 
amplitude of the crest, an interval, proportional to this product, perpendicular 
to the curve of the crest at each point on the crest is drawn, and the end-points 
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are connected. In figure 8 this is done for a single crest (N = 6) for F = 4, and in 
figure 9 this is done for a single crest (NV = 6) for F = 2. In each case, a three- 
dimensional sketch is also given to give a clearer picture of the amplitude of the 
crest. 
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FIGURE 9. Height of internal wave crest for F = 2, p/p’ = 0-999, f/h = 0-1. 


6. Discussion 


An integral formula for the wave-making resistance has been developed. 
It would be worthwhile to use this result to show how the resistance varies with 
speed. In particular, it would be of interest to see if there is a sudden decrease in 
resistance with speed at the critical internal wave velocity. 

The displacement of the interface due to the internal wave mode has been 
described in some detail. It would also be worthwhile to treat in detail the 


surface wave mode to see what effect the stratification of the water has on it. 








Tr 


Wa 





din 
ree- 
‘the 





Ship waves in a stratified ocean 243 


The author wishes to acknowledge the many helpful suggestions given by 
Professor John V. Wehausen of the University of California, Berkeley. He is 
also indebted to Robert Arenz for programming and executing many of the 
computations, and to David Brumley and the NEL drafting staff for assistance 
with the figures. 

REFERENCES 

ExMan, V. W. 1904 On dead water. Norwegian North Polar Expedition, 1893-1896. 
Sci. Res. 5, Christiana. 

HoeGner, E. 1923 Contributions to the theory of ship waves. Arch. Mat. Astr. Fys. 17, 
1—50. 

Hupimac, A. A. 1958 The motion of a body in a fluid with a free surface and irregular 
solid boundaries. Dissertation Univ. Calif. May 1958; also Univ. Caiif. Inst. Engng 
Res. Berkeley, Calif. Ser. 85, no. 5. 

KELVIN, Lorp, 1887 On the waves produced by a single impulse in water of any depth, 
or in a dispersive medium. Proc. Roy. Soc. A, 42, 80-5. 

Kocain, N. E. 1949 Collected Works (Academy of Sciences USSR), Vol. 1, pp. 448, 508. 

Lams, H. 1916 On waves due to a travelling disturbance, with an application to waves 
in superposed fluids. Phil. Mag. 31, 386-99. 

LunpE, J. K. 1951. On the linearized theory of wave resistance of displacement ships 
in steady and accelerated motion. SNA ME, 59, 26-76. 

PeTerS, A. 8S. 1949 A new treatment of the ship wave problem. Commun. Pure Appl. 
Math. 2, 123-48. 

SRETENSKI, L. N. 1959 On the wave resistance of ships in the presence of internal waves. 
Izv. Akad. Nauk C.C.C.R., Otdelenie Tekhnicheskikh, 1, 56-63. 

TimMan, R. & Vossers, G. 1953 The linearized velocity potential round a Michell-ship. 
Technische Hogeschool, Laboratoriam voor Scheepsbouwkaunde, Delft, Rappart 1, 

WaRREN, F. W.G. 1960 Wave resistance to vertical motion in a stratified fluid. J. Fluid 
Mech. 7, 209-29. 


16-2 





An experimental investigation of the oscillating 
lift and drag of a circular cylinder shedding 
turbulent vortices 


By J. H. GERRARD 


Department of the Mechanics of Fluids, Manchester University 
(Received 13 March 1961) 


The oscillating lift and drag on circular cylinders are determined from 
measurements of the fluctuating pressure on the cylinder surface in the range 
of Reynolds number from 4 x 10* to just above 10°. 

The magnitude of the r.m.s. lift coefficient has a maximum of about 0-8 at a 
Reynolds number of 7 x 104 and falls to about 0-01 at a Reynolds number of 
4x 10%. The fluctuating component of the drag was determined for Reynolds 
numbers greater than 2 x 104 and was found to be an order of magnitude smaller 
than the lift. 





1. Introduction 

In the last 30 years more than sixty papers have been published on subjects 
closely related to vortex shedding from circular cylinders in subsonic flow. 
Apart from the fact that the phenomenon is far from completely understood, 
this continued interest in a classical subject is partly due to improved instru- 
mentation, making possible the measurement of the intensity of fluctuating 
quantities. Recently renewed interest has followed on Lighthill’s publications 
(1952, 1954) on aerodynamic sound. Fifteen of the papers mentioned above 
are concerned with the acoustical concomitant of vortex shedding known 
as Aeolian tones. Lighthill’s theory was applied to the problem of Aeolian 
tones by Curle (1955) and Phillips (1956). They show that in the presence 
of a rigid body the sound field is dominated at low Mach numbers by 
dipole radiation attributable to the fluctuating pressure at the surface of the 
body. 

In the case of a circular cylinder shedding vortices, the main component of 
the acoustic radiation is a s igle dipole field which results from a surface 
pressure distribution, equiva. nt to that which would be produced by a fluctu- 
ating circulation round the cylinder in inviscid flow: the integral of this sur- 
face pressure distribution is the fluctuating lift. A second but smaller component 
is also produced as vortices of alternate sign grow and pass downstream; it has 
twice the frequency of the fluctuating lift and arises from the pressure distribu- 
tion responsible for the fluctuating drag. 

It can be shown, by applying dimensional analysis to the fundamental 
equation of Curle and Phillips, that the acoustic intensity at large distances 
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from a cylinder of finite length in the plane of symmetry bisecting the cylinder 
at right angles, is given by 
rd 


p sit er 
I oc US PRC. (1) 


Bars denote means with respect to time, and 


p = free stream density, 

a = free stream speed of sound, 

r,6 = polar co-ordinates, 9 = 0 being the upstream direction, 

U = free stream velocity, 

S = Nd/U = Strouhal number, 

d = cylinder diameter, 

N = vortex shedding frequency, 

l = a representative length of the cylinder which will depend on the 
phase variation along the cylinder length 

Cr = lift coefficient = (lift per unit length)/}U°d. 


Equation (1) relates the intensity of Aeolian tones to the pa: .meters of the 
flow. In order to compare experimental investigations of the 1adiated sound 
with this equation, resort must be had to experimental evidence or to assump- 
tions concerning the parameters S,/ and C;,. The Strouhal number, S, is a well- 
established function of Reynolds number for the whole of the range (35 to 10°) 
within which vortices are shed; see, for example, Cometta (1957), Gerrard 
(1955). The value of S, in fact, differs by less than 10°% from the value 0-20 
for Reynolds numbers greater than about 300. This parameter will produce no 
spectacular variation in equation (1). 

The purpose of the present investigations is to determine the fluctuating lift 
coefficient as a function of Reynolds number. The spanwise correlation of the 
oscillations which determine the effective length / will not be discussed here. 


2. Experimental apparatus 
2.1. The wind tunnel 


A return-circuit wind tunnel of 20 in. x 20 in. working section was used for these 
experiments. The tunnel was designed to have a low turbulence level. The 
intensity of the axial component of turbulence was less than 0-30% at dis- 
tances greater than 3 in. from the walls. The thickness of the boundary layer on 
the tunnel walls at the model position was 1} in. 

The models were mounted in the centre of the 10 ft. long working section; 
they spanned the tunnel vertically mid-way between the side walls. The static 
pressure varied from floor to roof at the model position by about 3 °%% of the 
kinetic pressure. The working section static pressure was atmospheric and 
made constant along the working section in the absence of the model by adjust- 
ment of the position of the roof. 

Corrections to the velocity of the air flow to account for the effect of the tunnel 
walls were investigated in the manner described by Pankhurst & Holder (1952). 
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These included a consideration of the lift correction. The only significant 
corrections were found to be those due to the blockage of the flow by the 
cylinder and its wake. 
2.2. Models 

The circular-cylinder models were metal tubes and had outside diameters of 
3, 14, 1, 2 and } in., there being two models of 1 in. diameter. The pressure 
pick-ups were mounted midway along the length of the cylinders. In the case 
of the cylinders of smaller diameter, electrical connexions were taken along the 
axis of the cylinder from the pick-up to a pre-amplifier outside the tunnel. The 
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FIGcuRE 1. Spanwise variation of the fundamental component of oscillating pressure 
120° from the front of the cylinder (9 = 0°) on lin. diameter cylinders. 
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3 in., 14 in., and one of the 1 in. diameter models had the preamplifier mounted 
inside the model close to the pressure pick-up. This was found not to increase 
the true to spurious signal ratio because vibration of the leads and of the pre- 
amplifier produced roughly equal effects. 

Various types of cylinder mounting were tried in an attempt to reduce 
cylinder vibration to a minimum. Rigid contact with the tunnel floor and 
roof increased the vibrations since these vibrated at the vortex shedding 
frequency under the driving force of the wake. No appreciable effect on the 
cylinder surface pressure at the centre of the tunnel was observed when the 
mounting was changed. Resonance vibration was, of course, avoided but the 
conclusion reached after many unsuccessful attempts to eliminate vibration 
was that it is virtually impossible to produce a rigid cylinder. 
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2.3. Pressure pick-up position 
The sensitive area of the pressure pick-up was flush with the cylinder sur- 
face. Measurements at various positions round the circumference of the model 
were made by rotating the cylinder. The 3 in. diameter cylinder carried two 
pressure pick-ups separated by 1 in. in the spanwise direction: these could be 
rotated independently to determine the phase distribution of the fluctuating 
pressure round the circumference. 

The pressure pick-up was generally at the centre of the tunnel. Only with 
the 1 in. models was a spanwise traverse made. The results are shown in figure 1. 
This graph also illustrates the repeatability of the results. The measurements 
in the low turbulence tunnel were made with two models (both 1 in. diameter) 
and with different mountings. Some measurements were made in an open-cir- 
cuit wind tunnel of the same working-section cross-section. This had a free 
stream turbulence intensity of 7-10 °%, some 200 times greater. At the Reynolds 
numbers investigated this increased turbulence had no apparent effect. 

Despite the large scatter (the greatest spread excluding points close to the 
floor is about 6db), there appears to be some systematic variation across the 
span. There is little variation over the centre third of the model length and 
end-effects, if such they be, have not been investigated. In what follows all the 
measurements were obtained at the centre of the low-turbulence tunnel. 


2.4. The pressure pick-ups 

The pressure pick-ups used are essentially condenser microphones. Piezo- 
electric gauges were tried but proved in this application to be more sensitive 
to vibration than to the pressure on their surface. The pressure pick-ups are 
the only part of the instrumentation which is in any way novel and they will 
therefore be described fully. They are easily made and fit flush with the cylinder 
surface. A cross-section of what may be called the standard pressure gauge 
fitted in most models is shown in figure 2. Those in the 3 and } in. diameter 
models are differently mounted but the same in principle. 

The design is based on the ‘condenser microphone with solid dielectric’ 
described by Kuhl et al. (1954). In essence the microphone consists of an insu- 
lated back-plate and a metal-foil front plate separated by a dielectric foil. 
The microphone functions by the applied pressure compressing the occluded air 
between the solid dielectric and the back-plate; the signal is produced by the 
fluctuations in capacity. 

Here the back-plate is simply a 4 BA cheesehead screw with the head turned 
down beyond the slot and then grooved. This is held in a } in. Perspex cylinder 
which fits across the inside of the model as shown in the figure, and the part 
protruding is machined off. The signal lead (a metal rod) is held against the 
back-plate screw. The front plate of the condenser microphone is a 0-001 in. 
silver foil which is soldered at one point to the cylinder surface which is the 
earth connexion. The solid dielectric consists of a thin piece of paper (typing 
copy paper) soaked in a silicone preparation and dried. Without the silicone 
treatment the microphone self-noise is high. The paper and silver foil are 
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smoothed in place and pressed hard onto the back-plate and secured with a 
little silicone varnish. 

The sensitivity of such an instrument with a circular sensitive area of } in. 
diameter is about —110 db on 1 V/dyne em~? or 3-16 ~V/dyne em~, and this 
remains constant to within a few decibels in 12 months; the short-term stability 
is also good. When the mean ambient pressure changes, the calibration changes 
if there is no leak between the atmosphere and the occluded air within the 
microphone. No leakage was included in these pressure gauges and so a small 
error is introduced. The mean pressure on the cylindrical-model surface differed 
from atmospheric between the limits of +7 em of water and — 20 cm of water 
according to position at the highest tunnel speed. Calibration of the micro- 
phones with varying ambient pressure showed that for this range of ambient 
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FiGuRE 2. Pressure pick-up. 


pressure the sensitivity varied by less than 1 db from — 110 dbon 1 V/dyne em-* 
and so no effort has been made to correct for the variation or to construct a 
leak in the pressure gauge. 

The pressure pick-ups covered a large angular range on the cylinder surface. 
It was fortunate that in this application the large size of the sensitive area was 
relatively unimportant. The fluctuating pressure intensity only varies rapidly 
with position at the front and rear of the cylinder where it contributes little to 
the lift. Pressure distributions were measured with the larger models. With 
models of diameter less than 1 in. measurements were made in the region 
90° < @ < 150°, in which the intensity is almost independent of the angle 0, 
where @ is the angle subtended at the axis, and is measured from the front of the 
cylinder. To determine the lift it was assumed that the angular distribution of 
pressure was the same on the smaller diameter cylinders as it was on the larger. 


2.5. Measuring apparatus 


A block diagram of the measuring and calibration apparatus is shown in figure 3 
which needs little explanation. The pressure pick-up was calibrated by compari- 
son with a B and K type 4111 condenser microphone by enclosing both in a 
closed coupler driven by a loudspeaker. This was done during each series of 
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measurements whilst the model was in the wind tunnel. The electronic apparatus 
following the pre-amplifier was also calibrated by inserting a standard signal 
at the relevant frequencies during each set of measurements. 

Initially the wave analyser was a set of }-octave filters centred at fixed 
frequencies; later, a Muirhead D-788-A low-frequency analyser was used. 





Calibration 
signal 
0-3V r.m.s. 
variable 


frequency 
Acoustic coupler 


ts i aa Amplifier with Wave 
Pressure pick-up(_) Pre-amplifier Q gain control analyser 


Loudspeaker[ | : 
| 


B and K 4111 microphone 
hic sane al 
FIGURE 3. Measuring and calibration apparatus. 
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3. Experimental results 

Extensive measurements have only been made with models of diameters 1 
and 3 in. The other models were used to extend the Reynolds number range of 
the measurements. The appearance of the signal from the pressure pick-up 
was similar in all cases: frequency and intensity varied with position on the 
cylinder and with the flow parameters, but in all cases the signal had the appear- 
ance of a narrow band of noise, that is, a pure-tone amplitude modulated with 
lower frequencies. Some examples of the appearance of the traces on the 
cathode-ray tube are shown in figure 4. The modulation of the signal appears 
random, as would be expected if the governing mechanism depended on the 
details of a flow structure which was turbulent. 


3.1. Frequency 

The signal is close enough to a pure tone for frequencies to be determined by 
means of a Lissajous figure. It is simple, however, to use a narrow band filter 
of variable frequency. In all cases the latter method was used. This measure- 
ment served as a check that the cylinder was not executing some strong vibra- 
tion. When this occurred the results were discarded. Some of the frequency 
measurements are plotted in figure 5, which shows agreement with previous 
measurements. The symbols on figure 5 refer to the same cylinder diameters 
as those on figure 10. 


3.2. Spectra 
The spectrum of the pressure fluctuations varied with position round the 


cylinder. It was rich in the second harmonic (the frequency of the fluctuating 
drag) at the rear of the cylinder (9 = 180°), but almost lacking in harmonics at 
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angles @ less than 120°. In general, the width of the spectrum increased with 
increased velocity. Three observed spectra are shown in figure 6. As velocity 
increases there appears to be a relative increase in the signal at frequencies 
above the fundamental. Only at high fundamental frequencies does the signal 
below the fundamental frequency increase with velocity. The trend, however, 
is a broadening of the spectra as velocity is increased. If the broadening is due 
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to turbulent fluctuations we can expect the spectra to be broader at higher 
Xeynolds numbers. 

The reduced intensity at the higher velocity was often observed: two dif- 
ferent readings appear to be possible at the high velocities as can be seen in 
figure 10. This behaviour is unexplained. It is perhaps worth noting in con- 
nexion with these spectra that some measurements were made up to 16-5 ke/see 
on signals such as those in figure 6. The level fell off monotonically as it is 
shown doing in figure 6 and no peaks were observed in the spectrum at higher 
frequencies. This is contrary to the findings of Shaw (1951). 


3.3. Angular distribution of phase 
The 3in. model was equipped with two pressure gauges separated by 1 in. 
in the spanwise direction; these could be rotated independently. Measurements 
were thus taken of the phase difference between the fundamental-frequency 
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FIGURE 7. Angular distribution of surface-pressure correlation-coefficient on the 3 in. 
diameter model. (a) Reynolds number = 114,000. (6) Reynolds number = 85,400. 


signals of the two gauges, one at a fixed position at 0 = 90°, the other in posi- 
tions from 6 = — 180° to 180°. The results are shown in figure 7. They indicate 
essentially that the pressure is in phase over one side of the model and 180° 
out of phase with that on the other side. It is seen, however, that the correla- 
tion has dropped significantly from unity even in the 4 diameter separation 
of the gauges. Lack of correlation may be due either to phase change of the 
fundamental frequency or to the change in phase of the fluctuations in the 
amplitude along the span. Spanwise-variation investigations have been de- 
ferred to later and will involve further experimental work. Little error will be 
introduced by assuming that the signal is in phase from 0 to 180 ° and of oppo- 
site phase on the other side. Though the transition may not occur rapidly 
at 6 = 0 and 180° the signal level is small in these regions. 
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3.4. Angular distribution of intensity 
The distribution of oscillating pressure round the cylinder is shown in figure 8 
for the fundamental-frequency component. It is seen not to vary significantly 
with Reynolds number. Comparison is made with the experimental results of 
McGregor (1957) obtained with a 1} in. cylinder. The values plotted are 
uncorrected for the size of the sensitive area of the pressure gauge. 
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The second harmonic distribution is shown in figure 9 for several velocities and 
three cylinder diameters. McGregor’s values are again included. The measure- 
ment of second harmonic intensity is difficult because it is so much smaller 
than the fundamental, except at 0 = 180°. The measurements fall reasonably 
on one curve nevertheless. 

Measurements with the cylinders of diameters other than 1-3 in. inclusive 
were confined almost entirely to the fundamental frequency in the angular 
range 90-150°. It was assumed that the angular distribution of intensity was 
the same in all cases. The fundamental-fluctuating pressure coefficient is plotted 
as a function of Reynolds number in figure 10 for several positions on the cylin- 
ders. At high velocities there appear to be two intensities possible in some cases. 
These are joined by vertical lines on figure 10. No explanation is offered for 


this behaviour. 


3.5. The lift and drag 
The fact that the pressure is in phase on one side of the cylinder and out of 
phase with that on the other side allows us to calculate the lift on the cylinder 
by integrating the pressure. The assumption of no change in the angular dis- 
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tribution of phase or intensity down to the lowest Reynolds numbers investi- 
gated seems unlikely to produce a large error in the lift. There appears to be 
no reason why the phase distribution should change with Reynolds number: 
this belief is substantiated by the predicted dipole nature of the radiated sound 
field (Curle 1955) which has also been observed at lower Reynolds numbers 
(Gerrard 1955). The intensity distribution may depend upon the Reynolds 
number for it was only measured in that range in which the r.m.s. lift does not 
vary. Even if the angular distribution of intensity changes to a sin @ curve, 
the resulting change in the lift is only about 10%. 
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FIGURE 11. Root-mean-square lift coefficient. 

The calculated lift coefficient is plotted in figure 11 and compared with the 
measurements of other workers. The agreement is seen to be fairly good. The 
measurements of Bingham, Weimer & Griffith (1952) were obtained in a shock 
tube during the first few cycles of oscillation of the lift. Drescher’s (1947) mea- 
surements were in water at a frequency low enough to follow with a manometer. 
Fung’s (1960) measurements refer to the more random fluctuations beyond the 
critical Reynolds number and were obtained directly as the lift force on a 
section of the cylinder about two diameters in length. The cylinder was 12 in. 
diameter and 72 in. long. McGregor’s (1957) experimental arrangement was 
similar to that of the author. His measurements lie below those reported here by 
about 6 db, which is larger than the errors believed to be present by either author. 
More recent measurements by Humphreys (1960) at Reynolds numbers above 
4 x 104 agree with both those of McGregor and those of the author. Humphreys’s 
two sets of measurements were obtained by altering the geometry at the cylinder- 
wall junction. We have observed an effect of small disturbances at the cylinder 
ends (Gerrard 1958): the pressure at the cylinder centre was found to be altered 
by 1 db (10% of p?) by small alterations of end geometry. The 6 db change 
reported by Humphreys may be attributable to the fact that his measurements 
are an average cver the whole cylinder and therefore include any changes of 
spanwise distribution caused by the change in end conditions. 
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The fluctuating component of the drag may be determined from the second 
harmonic pressure intensities if we make an assumption about the phase. The 
most logical assumption is that the second harmonic pressure is of the same 
phase over all the cylinder. The resulting drag coefficients are between 10 and 
13 times less than the lift coefficients and are plotted in figure 12. They are 
seen to agree with McGregor’s values which are included for comparison. 
There is a large scatter in the measurements which is attributed to the difficulty 
of accurate measurements of the second harmonic in the presence of the much 
larger fundamental component. 
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FIGURE 12. Root-mean-square oscillating component of the drag. 


4. Discussion 


The work reported in this paper extends the range of measured lift coefficient 
to lower Reynolds numbers than other workers achieved. The result of this 
extension of the Reynolds number range is the observed large change in lift 
coefficient, by nearly two orders of magnitude, as the Reynolds number changes 
from 4000 to 20,000. In this range the experiments indicate a power law 
relation between lift coefficient and Reynolds number, viz. /C?, oc R!7. From 
equation (1) we expect the intensity of the sound radiated by the flow past the 
cylinder to vary with Reynolds number like C?/?. In the Reynolds number 
range from 1500 to 10,000 the measured sound intensity was found to vary 
like R? by Gerrard (1955). The implication is that the effective length, /, of the 
cylinder varies little with Reynolds number in this range since almost all the 
Reynolds number variation of the sound intensity can be accounted for by that 
of the lift coefficient. Our intention is to investigate the spanwise structure of 
the flow over this Reynolds number range. The measurement of the oscillating 
component of the drag is difficult at Reynolds numbers less than 10* since 
large pressures are expected only on small diameter cylinders. Whether or not 
the oscillating drag coefficient falls off below this Reynolds number is unknown. 





J. H. Gerrard 
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FiGuRE 4. Cathode ray oscillograms of surface pressure. 


GERRARD (Facing p. 256) 








sens 
flow 
fusic 
i.e. 





Analytical theory of turbulent diffusion 
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Recently Kraichnan (1959) has propounded a theory of homogeneous turbulence, 
based on a novel perturbation method, that leads to closed equations for the 
velocity covariance. In the present paper, this method is applied to the theory 
of turbulent diffusion and closed equations are derived for the probability dis- 
tributions of the positions of marked fluid elements released in a turbulent flow. 

Two topics are discussed in detail. The first is the probability distribution, at 
time t, of the displacement of an element from its initial position. In homogeneous 
flows, this distribution is found to resemble that for classical diffusion but with a 
variable coefficient of diffusion which is proportional to vt for t < l/v, and which 
approaches a constant value = lv, for t >l1/v) (J = macroscale, vy = r.m.s. 
turbulent velocity). 

The second topic treated is the joint probability distribution of the displace- 
ments of two fluid elements. Particular attention is focused upon the probability 
distribution of relative displacement, i.e. Richardson’s distance-neighbour 
function. This is found to be Gaussian for separations r which are large (> 1). 
For smaller separations (r < 1), its behaviour at high Reynolds numbers is found 
to be quite well expressed in terms of a variable diffusion coefficient K (r,t), as 
suggested by Richardson (1926). For all but extremely short times, K(r,t) is 
found to depend only on 7 and on the form of the inertial range spectrum E(k). 
On assuming E(k) oc v21(kl)-? as results from Kraichnan’s approximation (1959), 
one finds K(r) oc vpl(r/l)?. On the basis of similarity arguments of the Kolmo- 
gorov type, which give E(k) oc v21(kl)-}, one finds K(r)  v,l(r/l)* as, in fact, 
Richardson originally proposed. The dispersion <r?) is proportional to [?(v,t/1)4 
on Kraichnan’s theory; while <r?) oc [?(vot/l) on the similarity theory. This 
illustrates that the behaviour of (r?) is very sensitive to the spectrum. 





1. Introduction 

The aim of the theory of turbulent diffusion is to determine in a statistical 
sense the migration of marked particles as they are carried along with a turbulent 
flow. Like molecular motion in a dilute gas of discrete particles, turbulent dif- 
fusion is a linear process if the convected particles have no reaction on the flow; 
i.e. the probability distribution for the position of a marked particle in space 
obeys the superposition rule and changes in time according to a linear equation. 
Unlike classical molecular motion, the motion of neighbouring fluid elements in a 
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continuum is correlated, although one expects that over distances large compared 
to the macroscale / of the turbulence this correlation is weak and that elements 
separated by such distances move almost independently. Furthermore, unlike 
classical molecular diffusion, turbulent diffusion is not a Markoff process. How- 
ever, one expects that over times large compared to //vy, where v, is the root 
mean square fluid velocity, the fluid elements will suffer many essentially un- 
correlated deflexions by the energy-containing eddies and that accordingly their 
displacement distribution will be almost Gaussian. Under such circumstances, 
one expects that the spread of marked particles carried by the fluid will indeed 
resemble classical diffusion, and that it will be possible to define a coefficient of 
eddy diffusivity. An analytical basis for these qualitative observations is given 
in § 2, 

Particles which start out simultaneously at nearby points have closely similar 
histories in any one realization of the turbulent flow (and over times which are 
not too long). For such times, their relative motion is unaffected by eddies whose 
spacial scale is large compared to the initial separation; such eddies give nearly 
equal displacements to the two points. The change in the separation 7 is governed 
by thesmallereddies, particularly those whose length scaleis of the same order as r. 
Thus, in a flow of the high Reynolds number, we expect that while the particles 
are separated by a distance appropriately small compared to / their relative 
diffusion will be governed by the inertial range spectrum of the turbulent flow, 
and will be unaffected by the structure of the energy-containing eddies. An 
analytical basis for these surmises is given in §3, and a form is proposed for the 
variable diffusion coefficient K(r) introduced by Richardson (1926). This form 
for K(r) is very sensitive to the inertial range spectrum H(k). On assuming that 
E(k) x vzl(kl)-", it is shown that K(r) o upl(r/l)” and that, in consequence, 
<r?) oc [?(vpt/l)?°@-™. However, on the basic approximation from which these 
results are derived, the energy-containing eddies do play a part in the relative 
diffusion process. It is shown, however, that when modifications of the theory are 
made to exclude this effect, Kolmogoroff’s spectrum E(k) oc v21(kl)-? implies 
K(r) & vgl(r/l)$, as in fact Richardson (1926) originally proposed. 

Turbulent diffusion is a simple example of turbulence dynamics and is therefore 
a suitable testing ground for examining the consequences of various approxima- 
tions. Included in § 2.2 is a brief comparison between our basic analytical method 
and some alternative approximations. 


2. Diffusion from a fixed source 
2.1. Methods of approach 


There are two main ways of attempting to give an analytical framework to the 
qualitative arguments of $1. In the Lagrangian framework (as distinct from the 
Eulerian approach to be described presently), probability distributions are de- 
fined for the displacements, velocities, etc., of given marked particles, and the 
relationships between them are studied. For example, let G(x,t| Xp, t))dx be 
the probability that a fluid particle lying at the point x, at time t, should, at the 
later time ¢, lie within a volume dx at the point x. Let V(x, u,t| Xp, t))dxdu be 
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the probability that this same particle should at that time lie within dx and have 
a velocity between u and u+du. Then it is not difficult to show that 


ra an a 


G(x, t | Xo, t) + : | V(x,u,t| Xp, t))u,;du = 0. (2.1) 


Cc 
ot ox, 

(In 2.1 and elsewhere, we use the summation convention.) Through the hydro- 
dynamical equations, it is possible to derive a similar, though far more involved 
equation, relating V to another probability function, and this, in its turn, to yet 
another. It would be necessary to close this hierarchy of equations in some way in 
order to obtain from it an evaluation of G(x, t| Xp, fy). 

The second approach was first formulated by Batchelor (19526); for a discus- 
sion of the general physical interpretation of the method the reader is referred 
to this paper, and for other applications to papers by Reid (1955) and Roberts 
(1957). The basic idea is one of reformulating the problem of finding Lagrangian 
probability functions as one of determining certain Eulerian moments. A passive 
scalar quantity (x, t) is introduced which satisfies the equation 





A A 


= W(X, t) += [W(X 0) u(x, 0)] = 0, (2.2) 
ot x; 


where w,(X, t) is the velocity field. This quantity is therefore carried by the turbu- 
lent fluid, but does not affect its motion. It is clear that if we take 


y/(X, to) = d(X—Xp), (2.3) 
where 6(x) is the three-dimensional Dirac 6-function, then 
s(x, t) = 0(X—X,), (2.4) 


where x, is the position at time ¢ (in this particular realization of u) of the fluid 
element which was initially at x). By averaging over all realizations, we see that 
the solution of 2 0 


Yi 
is Cyp(x, t)) = G(X, | Xo to). (2.7) 
Through a simiJar though more complicated equation, (iu; is related to higher 
moments, and so on. Again, we have an hierarchy of equations which must be 
closed in some way in order to evaluate G(x, t | Xp, ty). 

In the present paper, we adopt the second of these two approaches and employ 
an approximation method for closing the equations devised by Kraichnan (1959). 
However, before presenting this approximate analysis, we shall derive some 
results which are asymptotically exact for small ¢ — fp. 


2.2. Exact results for short times 
For t—t) < 1/vo, the fluid particles are simply swept from their points of origin 
with whatever velocity the turbulent fluid happens to have at the moment of 
their release, i.e. 
V(x,U,t| Xp, to) = P[u(Xp, fy)] OL(X — Xo) —u(t—to)], (2.8) 
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where P[u(Xo,¢))] is the probability density function (p.d.f.) of u at position 
xX, and time ¢). Thus, by (2.1), or by inspection, 
1 x—xX 
G(x,t | Xp, t)) = =~, P ° 2.9) 
r( ? | 0° 0) (t—t,)® = ), ( , 
a result due to Batchelor (1952). 
This result can also be deduced from the formal solution 


W(X,t) = W(X, fy) — [es au [0 Rt) 


rt A i) a 
+| dt’ al eS fel, 7) 40% to} = (2.10) 
peng to 


to vj 
which one obtains from (2.2) by integration and iteration. When t—f) < L/v, 
then u(x,t) = u(Xp,f)), and it follows that 


0 1 a 0 
(x,t) = [ — (t to) U;(Xp, fo) x. +3 0- to)” W;(Xp, ty) W;(Xp, ty) oe. a s(X, to). 
sad, adil st Hada 
(2.11) 
Hence, by (2.6) and (2.7), 
, 0 
G(x, | Xo, ly) = | 1— (tly) (u,(Xo, bo) a 
1 0 
+ 5; (t — to)? (au;(Xp, to) U;(Xo; fo) oS a al O(X—X,). (2.12) 
2! a; OX; 


That this is equivalent to (2.9) can most easily be seen by expressing the result in 
wave-vector space, writing 


G(x,t| Xo, t) = | G(k, t | Xp, to) e*#-@ *0 dk. (2.13) 
Then (2.12) is equivalent to 
Vk, t| Xo, to) = oak — tk; (t — ty) (u;(Xo; fo) 
I 2 
— 5 hi jk; (t — to)? (u;(Xp, to) U;(Xo, bo) + -- (2.14) 
i.e. that is 
a i ee : 53 
G(k,t | Xo, lo) = (27) P{ k(t —to)], (2.15) 
where P(n) = | Plu(Xp,f,)] "du (2.16) 


is the characteristic function for the distribution of velocity at x, and 4). 
Equation (2.9) is simply the inverse of (2.15). 

This second method of establishing the behaviour of G at small times brings 
out some noteworthy features. If (2.12) is cut off after any finite number of terms, 
it implies that G(x, ¢ | X,,¢)) vanishes identically for non-zero x — Xp. On the other 





hand, if (2.14) is cut off after a finite number of terms, the resulting expression for 
G diverges for large k, or large t —t). One concludes that any reasonable approximate 
solution for the full space-function G(x,t|Xo,t)) must include terms of all orders 
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of the formal expansion (2.10). Even for very short times the formal expansion is 
only useful because we happen to be able to sum it to all orders. However, if the 
moments 


(Az) = [axccrxe Xo, t)) dx = itam?| 


a 
x— G(k,t | Xp, t : 
Ok. r( | 0 of 


v 





(Aa, Ax;) = | Ax; Aa; O(x,t | Xp, to) dx = -(2n)| Akt Xt) ' 


ok; ok; k=0 


(Ax = X—X,) are expanded by means of the formal solution, the resulting series 
appear to converge for allt —¢), although the convergence is poor unlesst — ty < L/vp. 
Equation (2.14) shows that for small t—t,, 

(Ax; Ax; = U;(Xo, 93 Xo, to) (t— bo)? (2.17) 
where U;;(X, t; Xp, to) = (u,(X, t) u;(Xp, ty) 
is the velocity covariance. In the isotropic case, therefore, 

(Ax; Ax;) = v7 d,;(t —to)?, (2.18) 
where vj is the mean square of any component of velocity at position x, and time 
‘. 

There is fairly strong experimental evidence (see, for example, Batchelor 
1953, ch. 8) that P almost always is closely Gaussian. It follows, as Batchelor 
(1950) has pointed out, that G(x, t | Xo, fg) must be closely Gaussian for short times. 
Then by (2.14) and (2.9) we have 

- 1 7 2 
G(k,t| Xo, t)) = (np exp [— 3 U,;(Xo, to; Xo, to) ky ky(t—to)"], (2.19) 
] 
(277)3(t — ty) (det U;,;)3 
x exp [— }u,; Ax, Ax,(t —t))~*], (2.20) 


and G(x,t| Xo, t) = 


where u;; is the cofactor of U;;(Xp, t9; Xo, fp) and det U;; denotes the determinant of 
these quantities. In the isotropic case, 


i ] ° 9 
G(k, t | Xo, to) = (273 exp [ — dk2yr(t _ to)*), (2.2 1) 


and G(x, t | Xq,f) = exp [ — (X — X,)*/2v3(¢ —f,)?]. (2.22) 


/ 


1 
[27v?(t — t,)?]2 


2.3. An integro-differential equation for G(x, t| Xo, ty) 
When t —#, is not small compared to 1/v,, the approximation (2.11) to the formal 
solution (2.10) is invalid since it is no longer legitimate to ignore the space and 
time variation of w;(x, t). It is nevertheless possible to effect a partial summation 
of (2.10) which includes terms from every order in the expansion, and is such that 
the resulting expression for @ converges for large k. The integral equation for 
this approximate form of G can be derived in two different ways. The first 
make suse of Kraichnan’s direct interaction approximation (Kraichnan 1959). 
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In the second method which has been discussed elsewhere (Roberts 1960), the 
same result is derived by discarding or retaining terms in the formal expansion 
according to a certain selection criterion. The terms retained are of all order. Each 
of these methods supposes that the velocity field is spatially homogeneous, but 
this restriction can be removed by the application of a more general method due 
to Kraichnan (1961). The final result, for the case where the mean field (u(x, t)) 
vanishes, is the equation 
c G . , 1 7 . , , e G yy G) G ae 
=, G(x,t|Xp,to) = | dt’ | dxU,,(x, t; x’, t') — G(x, t| x’, t’) — G(x’, t | Xp, to). 
ot Jt Ox; Cx; 

(2.23) 
Here, as later, the fluid velocity is supposed incompressible: 


Ou,(X, t)/cx,; = 0. (2.24) 


(The compressible case can be treated by similar methods.) In the case of statis- 
tically homogeneous and stationary flows, we may write 


G(x, t |_Xo, tp) = G(X — Xo, t—tp), 
Uj ;(X, t5 Xo, to) = U;;(X —Xo,t —f), 


and, upon a partial integration, (2.23) becomes 
0 o2 ft ; 
G(x,t) = — at | dx’ Cyl) Ox’ 0) G(x—X',t-1), (2.26) 
0x; Ox; J 0 
This result—a consequence of Kraichnan’s direct interaction approximation— 
is the central result of this section and much of this paper. To prove it, we first 
notice that, when the velocity field is spacially homogeneous, the problem of 
diffusion from a point source, although apparently possessing only radial sym- 
metry even in the isotropic case, can always be rephrased as a homogeneous 
problem. For, since the equation (2.2) is linear, the response of the system to an 


initial disturbance 


y/(X, fy) = e%, (2.27) 
is (v(x, t)) = | @xoGs,t| hbo, (2.28) 


and, since for a homogeneous velocity field G(x,t|Xp,f)) depends on x and x, 
in the combination x — x, only, equation (2.28) can be rewritten 


<yy(x, t)) = (27)8 G(k, t | to) e**-, (2.29) 
where G(k, t | tp) = any | C—Xwt | to) et 20) d(X — Xp) (2.30) 


is the Fourier transform of the Green’s function @(x,t| X,f)). Equation (2.29) 
proves the average response matrix of the Fourier modes is diagonal (when the 
velocity field is homogeneous) and that (27)°G(k, ¢| fo) is the average response 
function for mode k. 

Having established this correspondence, we will now derive the approximate 
equation (2.26) for the response function by a method parallel to that employed 
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by Kraichnan (1959)+ for the velocity field response function. For simplicity, 
we will suppose henceforth that the velocity field is also statistically stationary. 
The modifications necessary if the field is not stationary are easily included. 

It is convenient to introduce the artifice of cyclic boundary conditions over a 
large cube of side L in order to expand 7(x, t) and u(x, t) in Fourier sums rather 
than Fourier integrals: 


¥(x,t) = SW(k,the** [(k) = ¥*(—k)], (2.31) 
k 

u(x,t) = SG(k,¢)e** [a(k) = *(—k)], (2.32) 
k 


(cf. K., equation (2.1)). Equation (2.2) may be written 


,t) ere 7 9 95 
Co" + ik; DS G(p, t) F(a.) = 0, (2.33) 


ot ry 


where p = k—q. The response function g(k, t) for mode k is the soiution of (2.33) 
under the initial conditions 


i(k, t) = g(k,t) = 1 | 
(q,t) = i (q,t)=0 (q+k)} 


(cf. §2.1). By the equation of motion y,(q, t) and the direct interaction approxi- 
mation, we find (cf. K., equation (2.24)) that 


t = 0, (2.34) 


t 
Dalat) = ia | ad —p,t')g0k,t')Ha,t—eae. (2.35) 
Thus by (2.33) we have ; 
a t 
ee oo = Bh k,| ii,(p,t)a,(—p,t’)g(q.t—t’)g(k,t’)dt’, (2.36) 
0 


q 


and, on averaging, using the principle of weak statistical dependence (cf. K., 
§ 2.2 and equation (2.25)), we find 


t 
- <9(k, t)» = p k; k; [ cap, t) ti; ( —Pp, t’)» <9(4, t —t’)> <(9(k, t’)) dt’. 


q 

(2.37) 

Now let us take the limit. Make the transition Z — oo. Let 
O,,(k,t—t’) = lim (= ) (a, ( —k,?’)), (2.38) 

L->o« \s7 
so that 
U,;(x —x’,t—t’) = (u,(x, t) u(x’, t’)) = " j(k,t—?’)e™@- dk, (2.39) 
ai Es ° 
and let G(k,t) = lim (;.) <9(k, t)> (2.40) 
L>o \= 


+ This paper will be designated by ‘K.’ hereafter. Some differences in notation should 
be noted: In K., g(k, t) refers to the velocity field (impulse) response function and not to 
the response function for (2.33) below. Also, in K., g refers to an averaged response while, 
in this paper, it does not; the average being denoted by (g). Further, the notational 
distinction between a quantity and its Fourier transform is different from that adopted 
in this paper. 
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so that equations (2.30), (2.31) and (2.34) are consistent (cf. K., equations (3.2), 
(3.3)). Then 
OG (k,t) _ 


; ae 
a (2m) kk, | ae’ | dqD,(p,t') Ga.) Gk, t—t). (2.41) 


This result can be returned to physical space by writing it as 


= a = kh | ‘dt [ep [aa fax’ 0,,(p, t’) G(q, t’) G(k, tt’) e&*-@+4-®); 
C 0 
(2.42) 
that is (cf. equations (2.30), (2.39)) 
eG(k, t - —_ 
ato =—-hk; ty | au [ dx’ U(x) G(x’) Gk, t=) e-. (2.43) 
0 


at 
On using equation (2.30) again, we recover equation (2.26). 

We will now investigate some elementary consequences of equation (2.26). 
On multiplying each side by 2,2; and integrating over all x and the right-hand 
side by parts, we find 

a * — t)hdx =2 ‘at 1x'U,,(x’, t') G(x’, v); 

ay ties) = | x, %; =~ G(X, t) dx = 2 Rall es i(X’, t’) G(x’, ¢’); 
that is (X;,X;) = 2tk;,(t), (2.44) 
where x;;(/) is defined by 


y= 5 fae dt'(t -t) fax'd; U(x’, t') Q(x’, t’). (2.45) 


For short times (¢ < l/v9), (2.44) and (2.45) agree with (2.17) if we assume G(x’, t’) 
is negligible unless |x’| < J. Then, 


Ky = HU, (0,0) (t+ 0). (2.46) 


2) 
For large times (¢ > I/v,), 


ky = [ae fax, (x’, t’) G(x’, t’) oma, [axc, (k, t’) G( —k,t’) 


= Kjj, say. (2.47) 


Thus, for large times, x;;(¢) can be recognized as an effective ‘eddy diffusivity’. 
Let us assume that the diffusion for time 2 1/v) is dominated by the energy- 
containing eddies. Then it is reasonable to suppose that the integrals (2.47) 
should depend only on the parameters / and vp, whence, by dimensional reasoning, 
we must have 

; kK = constant of order lv. 


In the isotropic case, we have (setting x = |x]) 


47 foe) 
Ky = Kby, R= I. dt’ (=e) | da'a'?U,,(2',t')G(x',t’), (2.48) 


and KG = K°d;;, K® -F[- an dx'2'*U,,(x’ ,t') G(x’, t’). (2.49) 
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Equations (2.44) and (2.45) and their generalizations for flow which are 
not steady or homogeneous, imply that the Lagrangian correlation function 
(u;(t) u;(to)> = Up ijt —to) (say) is 


OL ijt —to) = | AXU;;(X, t; Xp, ty) G(X, t | Xo, ty). (2.50) 
This should be compared to the exact result 


Up ilt—to) = [ axcus(x, t) U;(Xp, to) W(X, t | Xp, ty), (2.51) 
where (xX, t | Xo, t)) denotes the unaveraged Green’s function, i.e. the solution (2.4) 
of (2.2) satisfying (2.3). Equation (2.50) clearly may be obtained from (2.51) 
on the assumption that the y and u fields are statistically independent (see also 
Corrsin 1960).+ However, if one decides to use an assumption of this kind, the 
results depend very much on what stage of the analysis is chosen for its applica- 
tion. For example, had we assumed that y and u are uncorrelated in (2.2), we 
would have obtained the absurd result 0¢y/(x, t))/ot = 0. Moreover, if the approxi- 
mation 
(u; (X, t) U;(Xp, to) W(X, t | Xo, to) = Uj;(X, t5 Xo, to) G(X,t| Xp,tp) (2.52) 


is used to close the hierarchy of equations which arise from (2.2) and (2.3), the 


result is not consistent with (2.50) (ef. Roberts 1957). Thus, the direct-interaction 
approximation is consistent with (2.52) only if (2.52) is used in a particular way. 
It is not clear why this should be so. However, Bourret (1960), in studying a 
model of turbulent diffusion due to Taylor (1922) (and which is described briefly 
below), has commented that, although the particle displacement cannot be 
Markovian, it may not be unreasonable to suppose that the particle velocity is 
Markovian. If this is the case, it is perhaps not altogether surprising that, when 
the quasi-normality approximation is applied directly to the equations for 
G(x,t), it should give worse results than when applied} to the Lagrangian velo- 
city correlation. 

Equation (2.26) is non-local in space and time, in contrast to an ordinary 
diffusion equation: 


a maint (2.53) 


0G(x, t) » 0°G(x, t) 
ot i 


Equation (2.53) describes molecular diffusion on time and distance scales large 
compared to the collision time and the mean free path, respectively. Over these 
large times and distances, molecular diffusion may be thought of as a random 
walk process for molecules. In like manner, turbulent convection may be thought 
of asarandom walk process for fluid elements in which the effective step length is 
~ l, and the effective velocity is ~ vy. In fact, we shall see in § 2.5 that, on length 
and time scales large compared to / and I/v, respectively, (2.26) does reduce to 
the form (2.53). On smaller scales, however, the equation governing G(x, ¢) 
must reflect the persistence of correlations over finite space and time intervals. 


+ Saffmar. (1959) has used the approximate result (2.50) to derive an estimate for k 
(see §2.5 below). 
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Batchelor & Townsend (1956, §2, p. 360) first suggested that this non-localness 
may be best expressed by an integro-differential equation. Another such equation 
has been derived by Bourret (1960) by generalizing a property of a simple model 
of turbulent diffusion due to Taylor (1922) which incorporates a persistence of 
velocity correlation along the path of the diffusing element, i.e. a finite Lagrangian 
correlation time. Taylor supposed that the fluid elements moved with velocity 
+v between the equally spaced points of a lattice on the x-axis, and that the 
motion of an element could only be reversed at a lattice point, the probability of 
such an event being g. Following Goldstein (1951), who made a detailed study 
of Taylor’s model, Bourret considered the limiting case q > 0, d > 0, d/q > l, 
where d is the lattice separation. He proved that, for Taylor’s model, G(x, t) 
satisfied an integro-differential equation whose generalization to three dimen- 
sions is at a 
= = Je se Unit 1) G(x, t') at (2.54) 
Bourret made the hypothesis that (2.54) is not a property of Taylor’s model 
alone, but is more generally valid. 

We may write (2.26) in the form 


OG(x,t) _ 
ot 


where, according to our application of Kraichnan’s approximation, 


Qij(X,t) + G(x, t) U(x, 0). 


t 
— -A mal at’ [ dx’Qylx—x',t-1) G(x’, é), (2.55) 


Equation (2.55) bears a strong formal resemblance to Bourett’s result. Like 
(2.55), equation (2.54) is non-local in time but, unlike (2.55), it is local in space. 
This seems to imply that, although (2.54) takes into account the persistence of 
velocity correlation along the path of a fluid element, it does not take into account 
the fact that a cloud of marked particles set down at random in a turbulent flow 
must also display velocity correlation in space at any instant of time. The fact 
that it does not do so is not surprising since the model from which (2.54) was 
derived also does not incorporate this spatial velocity correlation. It would 
appear that such a correlation is contained in (2.55) through the spacial non- 
localness of that equation. This conclusion is supported by a study of a generaliza- 
tion of Taylor’s model (Roberts 1961); we consider two fluid elements in motion 
along the lattice defined in Taylor’s model, and suppose that the probability of 
the reversal of the velocity of either element on encountering a lattice point 
depends on whether the two elements were moving in the same or in opposite 
directions immediately before the encounter. It is found that (2.55) is obeyed 
and that @;;(x,¢) is the Green function for the equation governing the diffusive 
flux. It is also found that (2.54) is obeyed if, and only if, the motion of the two 
elements is uncorrelated. 


2.4. Solution of the equation for short times 


For t < l/vp, we may assume that the @ factors in the integrand of (2.23) are 
negligible unless x—X,) and x’—x, are both small compared with J. Thus, 
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U,;(x’,t’, Xo,to) in the integrand may be replaced by U;;(Xo, to, Xo, fo) or, in the 
isotropic case, by vjd;;. It follows that 


e 


me t 
5 AX, t) = pve | av | dx'G(x',t') G(x—x’,t—t’). (2.56) 
Cc 0 


Taking the Fourier transform 


G(x,t) = | Gi(k, t’) e**dk, 


= t os = 
we find = Gk, t) = —(2myrogit | dt’ Gk, t’) Gk, t—t’). (2.57) 
0 


By taking the Laplace transform of (2.57), or by using a result of Watson (1944, 
§ 12.2, equation (5)), we find 
‘ 1 J,(2kv,t) 
G(k,i) = —. 3 k = |k)). 2.58 
(K, #) (27)? kv,t ( | ) aos) 
Inverting by using a further result of Watson (1944, §13.42, equation (4)), we 


find 


1 . 
[4032-22] + if 2x < Ql, 
I 1 


G(x, t) = (27, t)? (2.59) 


0 if x > 2v,t. 


The corresponding probability distribution D(x,,t) for displacement along the 
x,-axis (whose direction may be chosen arbitrarily) is related to G(x, t) by 


OD(x, t)/Ox = —2nxG(x, t), (2.60) 


and so, in the present case, 


] 
isc aa Ay? 2 — 273 if oy 
D(a, t) = In(v,t pe! 07 xij? if 24< v, t, | 


| (2.61) 
0 if 2, > 2v,¢. 


Both G(x, t) and D(x,,t) are everywhere non-negative, but they are zero beyond 
a distance of 2v,¢ from the source. That this behaviour is not restricted to small 
times can be proved directly from equation (2.26) by induction. The finite 
maximum ‘propagation speed’ exhibited by equation (2.59) therefore persists for 
all times. This is also consistent with equation (2.9) which implies, in the present 
case, that the p.d.f. of velocity has a sharp cut-off at wu = 2v,. In fact, this p.d_f. 
predicted by the direct interaction approximation agrees with the actual p.d_f. 
of velocity only as far as the second moments. 

A related unrealistic feature of (2.59) is that G(x,t) > 0c as x 2v,t-0. 
However, the singularity is weak, since 


2v,t+0 4 / a \4 

[ 4nxv*G(a,t)dx = - (2- (x > 2v,t—9); 
Jz 7 Vt 

that is, the singular outgoing wave-front does not even carry a finite integrated 

probability. This singular type of behaviour may be attributed to the combined 

effects of persistence of velocity and finite maximum propagations peed. Another 

example is provided by Taylor’s model (Taylor 1922). In this case the singular 
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outgoing wave-front even carries a finite integrated probability (cf. Goldstein 
1951, §8). 

For a normally distributed velocity field, a comparison of equation (2.58) in the 


form 
ms x —1)\"(ky 2n 
tian (2.62) 
(27)? ni(n+1)! 
with the exact solution (2.21) in the form 
~ l 2 (—1)" (kv, t)?” — 
G(k,t) = mp ae ; (2.63) 


shows that, for short times, the direct interaction approximation gives the 
second moments of (x,t) correctly. The fractional errors in the fourth, sixth, 
and 2nth moments are, respectively, 4, 3, and [1 —2”/(n+1)!]. This exhibits in 
another way the consequence of the effective cut-off in ‘ propagation speed’. 


2.5. Solution for large times 

For t >l/vo, the diffusing particles will have suffered many displacements 
(statistically almost unrelated) from the energy-containing eddies, and we may 
expect G(x, t) to become close to a Gaussian distribution. Batchelor & Townsend 
(1956, p. 358) have shown that this can be established, granted the truth of an 
as yet unproved extension of the central limit theorem. Alternatively, we may 
proceed directly by expressing the moments of the distribution of x as integrals 
over the Lagrangian velocity correlations. As Taylor (1922) has shown 


a, ;) > 2x#jt (t+ 0), (2.64) 
where Kij = | dt'Uzslt'). (2.65) 
0 


Let us apply the argument used by Taylor to derive this result to the evaluation 
of a fourth moment such as (a; 2;2;,%,). We find 


t t ft t 
(2,2; X;,X) = [st te fats [ats Gut W;(tq) W(tz) U(tq)>z- (2.66) 


Let 7 be the Lagrangian velocity correlation time (assumed finite). It is clear 
that the integrand of (2.66) is negligibly small unless 





either lt; -t.] <7 and |ts—t,| <7, 
or lt; -t3| <7 and |t,—-t,| <7, 
or |t; ty] <7 and |t,—-t,| < 7, 
or |t.—t,| <7, all a, B = 1-4. 


Fort > 7, the region defined by the last of these inequalities makes a contribution 
to (a; %;%;,%,) of the order of 


t 
| dt, 
a 


The integral over s,, 8, 8, is bounded and independent of t,. Thus the contribution 
made by this region to (x;2;2;,x, is of order t, t-> 00. However, the ranges of 





aca T T 
is, [ ds, [ ds,(u;(t,) U;(ty + $1) Uz,(E, +82) Ut, + 83))z. 
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t, tot, for which the first of the inequalities alone is satisfied, makes a contribution 
to (x; 2%; 2%;,%,) which is of order ¢?, t > oo. It is 


| ‘dt, [ dtu;(t,) ite) [ dt I. dt uu;(ty) u(t) 
0 7 0 / 0 0 


( 


which is equal to (x; 2%; (2,2). The regions defined by the other inequalities make 
similar contributions. It follows that, for ¢ >7, 


CX, Xj Lp, Xp) = (Hz Hj) (Lp_Uy) + CH; Hp) CU Uj) + (Lj Xp) (LjXp), 


that is, the fourth cumulants are negligible if tf >7. Similar arguments hold for 
moments of all orders, showing that G(x, t) approaches normality as t > oo. 

By a proof which is an exaé¢t parallel to the above, we can show that, fort > 1/v9, 
the distribution satisfying (2.26) approaches normality and that the correspond- 
ing eddy diffusivity is 


Ki, = | av | dx'G(x’,t’) U;,(x’,t’). (2.67) 
0 

Consider, for example, the fourth moment (2; 2;2;,%,>. It is easy to show from 
(2.26) that 


Ca; Wj pM) = (Hz Hj) CXp_Ap) + (Hj; Ap,) (lj MB) + (Uj A) (Hj Uy) 





rt hd 
+2 dt'(t— V) | dx’ x; x; U(x’, t') G(x’, ’) + 5 similar terms | . (2.68) 
J 0 


Assuming that expressions such as 


t 
| dt'(t—t’) 


7 0 . 


a 


dx’ x, v5 U(x’, t') G(x’, t’) 


rn 





converge as t > 0, we see that for t > l/v, the first three terms on the right-hand 
side of (2.68) are of order (lv)t)? while the remainder are of order /%v,¢ and there- 
fore are comparatively negligible. Thus the fourth-order cumulants can be 
neglected if ¢ > 1/v,. Similar arguments hold in all orders and show that G 
approaches normality. This result may also be established by the following 
alternative method. 

If t > l/vo, the mean distance ,/(x*) the particles will have travelled from their 
source and will be large compared to / so that the length and time scales of G(x, t) 
will be large compared to / and I/v), respectively. Under these circumstances, the 
only regions of integration in (2.26) for which the integrand is appreciable are 
those for which G(x—x’,t—t’) is approximately equal to G(x,t). Thus, with 
‘5 given by (2.67), we have 


0G'(x, t) or (2 69) 
- : 2.0% 


F x 
-=K.—— 
it 0x; 0: 


>t) 
r 


? 
j 
since for such large times it is immaterial whether the upper limit of integration in 
(2.26) is ¢ or 0. In the isotropic case (2.69) becomes 

0G(x, t) 


0 


= K°VEG(x, #), 2.70) 


where k® is given by (2.49). 
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We may regard (2.69) as the first term in a series of approximations based on 
expanding the term G(x —x’,t—t’) in the integrand of (2.26) in a Taylor series 
about the point (x,t),and we may apply an a posteriori check on the reasonableness 
of the approximation by verifying that, on substituting in the second term of this 
series the value of G(x, t) derived from (2.69), this second term is small compared 
to either side of (2.69). We will refrain from giving the analysis which is straight- 
forward. It confirms that, if the relevant integrals converge, the necessary 
conditions for the validity of (2.69) are 


t>I/v9, x < vol. (2.71) 


The second condition arises from the finiteness of the maximum propagation 
velocity which, as we have already seen, gives an artificial cut-off at the distance 
2v,t. We may expect that for the actual case in which this cut-off is not present 
the second of the conditions (2.71) would be unnecessary and that the distribu- 
tion of particles would be Gaussian at all distances. In any event, when the first 
condition is satisfied, it is clear that the fraction of particles affected by the second 
condition is negligibly small. 

It seems extremely likely, from the exact short-time result of §2.2 and our 
present results for large times, that G(x,t) is nearly Gaussian for all times, and 
that the variably diffusion coefficients defined in §2.3 (cf. equations (2.44), 
(2.45) and (2.48)) will give useful estimates of the variance of the distribution at all 
times. On assuming a Gaussian form for G(x, t), we obtain from (2.45) an integral 
equation for x«,,(t). The approximation of (2.51) by (2.50) has been proposed 
independently by P. G. Saffman (unpublished) in the homogeneous case. By 
assuming a Gaussian form for G(x,t), and the isotropic form 


~. k; k, v2 k 2 7,942 ) 7. 
U,,(k, t) = 3. - io ik exp | ~ FE + 3? ee ‘ (2.72) 
he has obtained from the integral equation for x;; the estimate 


K® ~ 0°70/ko, (2.73) 


i 


where 7ko! is the longitudinal integral scale (cf. Batchelor 1953, p. 47). 


3. Relative diffusion 
3.1. Formulation of problem: exact results for short times 


In this section, we study the correlation between the motion of two marked 
particles which are initially separated by « distance small compared to J. The 
choice of method is essentially that of §2.1 and again we will adopt a formulation 
in terms of Eulerian moments. We introduce the passive scalar field y,(x, t) for 
the first particle and y,(y,s) for the second particle, and we require that both 
fields satisfy (2.2). For y,(x,t), we take as initial condition 


Wr4(X, ty) = O(X— Xp), (3.1 


) 
and, for w(x, s), we take WY, 8) = O(y —Yp). (3.2) 
Let us define 


B(x, t;y,s | > bo; Yo. 80) = (Wi(X, t) Waly, 8)>. (3.3) 








isr 
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This is the joint p.d.f. of particle displacements x and y at times ¢ and s from 
positions Xp) and y, at initial instants f) and 8), respectively. We shall term this 
‘the two particle Green’s function’. Clearly, since the two particles have identi- 
cal properties, 

B(x, t; Y, 8|Xo,t93 Yo, 89) = Bly, 8; X, t| Yo, 8; Xo, to). 


In homogeneous steady turbulence, it depends only on differ-nce times and dif- 
ference co-ordinates. We shall then write it as 


B(X — Xo, t — to; Y—Yo, 8 — 8p | Io; 7) = BUY — Yo, 8 — 8; X—Xp,t—ty | ~Sq —Te)s 


where Py = Yo— Xo and 7. = 8) —fy. 
It is evident that if one integrates (3.3) over all x or all y the one-point Green’s 
function of § 2 is recovered. Of more interest is the integral 


Riv, t, 8 | Xq, Fos bos 8) = | EXB(X,¢;X+1, 8 | Xo, tg; Xp +o, 4). (3.4) 
R(r, t,t | Xo, Tq, fo, 9) is Richardson’s ‘distance neighbour function’ (Richardson 
1926). It denotes the p.d.f. at time ¢ of separation r for a pair of particles which at 
time fy were situated at x, and x)+Tr,. For the homogeneous and stationary flows 
with which we will be primarily concerned, & depends only on ro, 7), fr — To, t—to; 
and s— 8, and will be written} 


R(r —Lpo,t —ty, 8— 8p | To, 7) = [expe — Xo, t—ty; (KX —Xpo) + (F—To), 8 — Sp | Lo, To)- 
(3.5) 


Let us now assume that the Reynolds number of the flow is sufficiently high 
that an inertial range of wave-numbers, or eddy sizes, exists. By this we mean that 
the wave-numbers which contain most of the energy are distinct from the higher 
wave-numbers which are responsible for most of the energy dissipation. Suppose 
now, that ry lies with this inertial range of eddy sizes. The eddies of dimension 
large compared to 7, move the two marked particles together bodily without 
substantially altering the magnitude or direction of ry. In a frame of reference 
moving with these large-scale motions, the eddies of dimension small compared 
to 7) are associated with a small r.m.s. velocity and have little effect upon ry. 
The rate of separation of the particles, in this case, is dominated by eddies of 
dimension ~ 75, because such eddies make the principal contribution to the rela- 
tive velocity of two points separated by a distance ry (cf. Batchelor 1953, ch. 6). 
These eddies disperse the particles substantially in a time of order 


T (79) = rl} — U; (Po, 0)}-3 < L/v9. (3.6) 


For times short compared to 7'(r,), we may apply arguments similar to those of 
§2. These show that (cf. equation (2.9)) 
! (; = Y= ¥0) (3.7) 


B(X, t; Y, 8 | Xo. £9; Yo. 8p) = z— — 
(X,65Y,8| Xoo; Yor50) = Gop ja (@aays (tat, ? 88 


+ A notational point must be noted here: the first argument of FR in the definition (3.5) 
is r—Yo, the change in separation, and not r, the separation itself. 
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where P[U,(Xa, f), Us(¥o, 89) ] is the joint p.d.f. for velocity u, at position x, and 
time t, and velocity u, at position y, and time sy. It follows (ef. equation (2.17)) 
that 
(Aa; Ay;> = [fo« Ay; B(x, ty y, 8 | Xo, to; Yo. 89) dx dy 


= 2U;;;(Xo; to; Yos 80) (6 — to) (8 — 89), (3.8) 
where Ax = x—x, and Ay = y—yp. Also, for these short times, (3.7) shows that 


Richardson’s function is 


1 r—f, 
R(r, t,t | Xo, Fo. to, 0) = =a AI|-——"}] 3.9 
(654 | Kortetote) = Gp A( Sy (3.9) 
where A|V(rpo, f)] is the p.d.f. of relative velocity V between the two points x, 
and X,+TPr, at time f,. It follows from (3.9) that 
<Ar; Ar;) = <V,V;) (t-to)?, (3.10) 
which, for an isotropic field with r,-axis along ro, gives 
¢(Ary)?) = (Ars)? = 20511 —9(79, to)] (t- to)”, ) 
((Arg)®) = 207[1 —f(rsto)] (t= to)”, J 
where f(r, t) and g(r,t) = f(r, t) + drof(r,t)/er are respectively the longitudinal and 
transverse velocity correlations at time t for points separated by a distance r. 
Thus, Richardson’s function is initially oblate spheroidal with the line joining 
the origin (r = 0) tor, as axis. All these results for short times are essentially due 
to Batchelor (1952a) and are included here for comparison purposes (see §3.3). 


(3.11) 


3.2. Integro-differential equations for B(x, t; y, 8 | Xo, ty Yos 80) 

When ¢ —¢, and s—s, are not small compared to 7'(79), it is no longer legitimate to 
ignore the spatial and temporal variations of u,(x,¢). It is, nevertheless, possible 
to effect a partial summation of the formal solution for B containing terms of all 
orders in the expansion. Since the determination of B is a problem which is 
essentially inhomogeneous (even if the velocity field is homogeneous), the 
Fourier modes are not weakly dependent and the methods expounded by 
Kraichnan (1959) are not applicable. However, Kraichnan (1961) has recently 
generalized his methods to inhomogeneous problems, and has given an approxi- 
mate equation of motion for the covariance ¢i(x,t) y(x’,t’)) of a convected 
passive scalar field. A straightforward generalization to our case of two scalar 
fields yields the result 


A 


Poa 
at B(x, tyy,s | Xp; tg; Yo, So) 
t ; oGix,t) =’ .f yeRe ts 98 | Kastet Ve, 4 
= [a [ dx’ Uix,t;x',0)5 ( ib pee y _ 0» l03 Yor $0) 
CX, CX; 


o ty d i 


[ Ss 
\ 
. s 


0 





“9 r , a? . - 
07. B(x, t; y’, 8" | Xo, ty; Yo. So) 
; A 4. o,,/ 
0x, OY; 


> 


(3.12) 


ds | dy’U,,(x, t; y’, s’) G(y, s | y’, s’) 


, 
© 


where G(x,t| Xo, ¢)) is the one-point Green function of §2. An equation similar 
to (3.12) holds for 0B/és. 
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The equation for R(r,t,s|Xp,1po,t 9,59) that can be obtained from (3.12) by 
integration may also, in the case of homogeneous velocity fields, be derived quite 
easily by a device which reduces the problem to a fully homogeneous one. 
Instead of imagining a single pair of fluid elements placed initially (i.e. at t = ty, 
$ = Sp) at X) and yy (Yy—Xp = Fo), we imagine an infinite number of such pairs 
which are statistically independent and distributed homogeneously throughout 
space. All these pairs have the same separation r,, and for each pair the signs of 
y, and yw, are, with equal probability, either both positive or both negative; 
the signs assigned to different pairs are statistically independent of each other. 
The y, and y, fields constructed in this way are strictly homogeneous, have zero 
means, and are such that 





(yh, (X, t) (KX +1, 8)) = R(r—To,t, 8 | Pq, fo, 89), (3.13) 


where the left-hand side refers to the homogeneous problem just constructed and 
the right-hand side is the Richardson function for the original inhomogeneous 
problem. 

Having established this correspondence, we again adopt cyclic boundary con- 
ditions and expand 7, y, and u for the homogeneous problem in the forms 


r4(x,t) = % Wy(k, t) e®-=-20, (3.14) 
k 

oly, 8) = & Walk, 8) e%#-0-90, (3.15) 
k 

u(x,t) = © ti(k, t) e+, (3.16) 
k 


(cf. K., equation (2.1) and footnote on p. 263 above). Then equation (2.2) for the 
iv, field may be written 


Ovn(Kt) ,EG,(p, t) e--% Wy (q,t) = (3.17) 
q 


and, for the y, field, 
A 8) 5 ib, Sai(p,8)e-% Pa(a,8) = 0, (3.18) 


ds 
where p = k—q. By (3.17) we have (ef. K., equations (3.4) and (3.5)) 


A 
C Ee 


- (i,(—k, t) ,(k, s)) = ik, > zai p,t) 7,(—4q, t) F.(k, s)) e®-%. (3.19) 


DY] 
> 


Now, in the limit Z + o, the direct interaction approximation (K., $2.4) gives 


(ai,( “ia q, t) Wra(k, 8)) 
bets t) Jy, -1(—4,#) s))+ (a,(—p,t) ¥y(—4, t) Wo, (kK, s)>, (3.20) 


where (cf. seni (2.35) and . $3) 
~ rt e ~ , ys € 2) 
t,,4(—4,1) = | ig,@,(p,t') F4(—k,¢) g(q,t—U)e-?-dt’, (3.21) 


Doak.) =—| ikjtj(p,s') Jala,s')G(k,s—s')e ds’, (3.22) 
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Thus, applying the weak statistical dependence principle (K., § 2.2), we find that, 
in the limit LZ — 0 (ef. equations (2.38) to (2.40)), 


=: R(k, t, s | £9, 7) 
G 





Tp; To) 


= —(27)?k,k; if ae [aa0,0v.1 t') G(q,t’) R(k,t—t',s 


+ (27)8k, an ds’ [ead,0. Ty —t+5—8') eP-Fo G(k, s’) R(q, t,s—s’ | Fs, %e)- 
0 


— 
Returning to x-space by the arguments of (2.41) to (2.43) this becomes ies 
R(r,t,s | lo; To) 
ot 
= ae || ae [axe G(x’, t’) R(r +x’, t—t',s |r 9,7) 
+, ics fave ig(Fot+l—Y', T+ 7-8) Gy’, 8’) R(r—y’,t,8—s'| Lo, r)| 
; . (3.24) 


This equation may also be derived directly from (3.12) which, when the velocity 
field is stationary and homogeneous, may be written after a partial integration 
in the form 


= To To) _ =a |, dt’ fax U,;(x',t’') G(x’, U’) B(x — x’, t-t’; y, 8| r9, 79) 
0 


02, 
wee ds’ Jere My—X+y-—y’,7—t+s—s’) 


ie 
x G(y’, s’) B(x, t; y—y’, s—s’ | 19,79). (3.25) 


The results (3.24) and (3.25)—consequences of Kraichnan’s random coupling 
approximation—are the central results of this section. 

We will now investigate some elementary consequences of equations (3.24) 
and (3.25). On multiplying each side of (3.24) by r;r; and integrating over all r 
and the right-hand side by parts, we find 


[Re t,8|€o,7%>)7,7;ar = 2 2 dt’ | dx'U,,(x', t') G(x’, t’) 
0 


DVDs 
~ 


s 
—2 [ ds’ farce +1,7) +8’ —t) R(r,t,s’ | Po, 79). 
J0 
(3.26) 
By differentiating (3.26) with respect to s, we find 


a | Ree. t,8|1,7)r,7;d" = —2 [ adeUis(ry+ 4, 79+7) RP 1,8] tp, 7). (3.27) 


d d 


Let us take t) = 0,8) = 0. Then, by (3.27) and (2.50), we see that the Lagrangian 
correlation for relative velocity V between two particles which were initially 
separated by a distance ry is 


V,(t) Vj(s)>, = 2 far U;;(r,8—t)[G(r,s—t)—R(r—1,t,8|p,0)]. (3.28) 
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This result should be compared to the exact result 


HAOVINd2 = | faxdylCyaCx. 1) Yaly,s) x,t) aly.) 
; + (iol, t) Poly, s) u(x,t) u,(¥,8)) 
— yrlx, 8) Poly, 8) ux, t) uly, 8)) 
— (W(X, t) Wily, s) u(x,t) uj(y,s)>], (3.29) 


where y,(x,t) = ~,(X,t| Xp, 0) and ,(y,s) = poly, s| ¥o,0) denote the unaver- 
aged Green functions. In stationary homogeneous flows, this result reduces to 
(3.28) on the assumption that the y and u fields are statistically independent 
(cf. § 2.3). 

Also, by adding to (3.26) the analogous equation for the derivative with respect 
to s, and setting ¢ = s, we find 


2 Wind = [ghee | r,0)r,7,dr 


ii | ae | dx’ U(x’) G(X’) 
0 


. - 
-2/ dt’ | dr U,,(ro+r,t—t’) (Rr, t,t’ | r9,0)+ R(r,t’,t| 1, 0)]. (3.30) 
0 e 


For t < T(r,), the particles have not had time to change their separation greatly 
and # is negligible except near r = 0. Thus the right-hand side of (3.30) becomes 
4[U;,;(0, 0) —U;;(¥, 0)]t, in agreement with (3.10). For ¢ > l/vo, R is appreciable 
even at separations r of order /. For such large separations, the second term 
on the right-hand side of (3.30) is quite negligible, and we find (cf. equations 


ai iia ica Cr;7j> = 24a, 4) = Rypy;) = 4tk;j;. (3.31) 


This is consistent with the intuitive notion that, at such large separations 
from their source and each other, the particles will wander independently. 
For intermediate ranges of t, it appears that no such definite statements can be 
made. However, a reasonable approximation appears to be possible and this is 
discussed in §3.4. 


3.3 Solution of the equations for short times 
For t < T(r,), we may assume that the G and B factors in the integrands of 
(3.25) are both negligible unless x’, y’,x,y are small compared with ry. Then, 
the U,, factors in the integrands may be replaced by their values for zero x’, y’, x, y 
and similarly for the time arguments. Therefore, in isotropic flows, we have 


OB(x,tyy,8 | To,7o) 


ot 
a2 ott 
= vb,;5 : a au’ | dx’ G(x’, t’) B(x —x’,t-t’'; y, s | P, Tp) 
OX i vj 0 
P oe fs ; 
— U;;(8 9, 7) = | is’ fady'cy’s8) B(x,t;y—y’,s—s'|1,7). (3.32) 
On; CY; 0 


18-2 
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Take a combined Laplace and Fourier transform defined by 


~ ] mn 2 5 ‘ 

B*(k, p;1,q| To, 7) = aa | dre dse | dxeit [aye B(x, t; y, 8 | Po, 7p). 
(3.33) 

Then, by (3.32), 


‘ _ 
pB*(k, p:1,q | t,7) — (2m G*(1,q) 


= — (277)3 kv? 7*(k, p) B*(k, p;1,¢ | Par %e) 
— (2m)8 Uist 9,79) kl; G*(1, g) B*(k, p,q | oT), (3-34) 


where G*(k, p) is the Fourier transform with respect to x and the Laplace trans- 
form with respect to ¢ of G(x,t). By (2.57), we have 


e 1 
) + (277) k?v?2 G'*(k, p) = = —, 3.35 
p+ (2m)* k*v,G*(k, p) (2m)? G*(k, p) (3.35) 
By (3.34) and (3.35), it follows that 


*(k, p) G*(L, 8)" 





Be, 9:1:¢|%.2) = ————— 


(3.36) 
14 +(: 271)° U;;(Lo, 7) Kil; 


G*(k, p) G*(I, 9) 
G 


If we expand the denominator of (3.36), we obtain 


B*(k, p31, | tT) = S(—1)™[(27)8U (9579) bi ls" (G*(k, p) G*(1, gy". 
0 
(3.37) 
Now, by (3.35) G*(k, p) = : (3.38) 


4n°[p + ./(p* + 4k?v7)] 


The inverse Laplace transformation of [G*(k, p)]”*1 is therefore (see, for example, 
Watson 1944, §13.2, equation (7)) 


(m+ 1) Jn i(2 kv, t) 


( 27) 3m+3 (k Vv, )erte , 


Thus 


L 


= 1 k,l, U,3(19; 7, m 
b(k, t;1,s | Yo; To) = (2 yn)8 - ( 0 | 


= m j ¥ 
eo im uf kb? 


Dhys D] 5 
ye nb 2h t) Insa(20; 8) (3 39) 
ku, t lv,s 
The second moments of (3.39) agree with (3.8); the higher moments are given 
with progressively less accuracy (cf. §2.4). Roberts (1960) has discussed the 
significance of (3.39) in terms of a diagram expansion. The relationship 


j 27m! (407 P= ate i cade 
Im+i(2hryt) ine }(2m)! (vt)? _—— 
(kev, tym et&-rdx = 


0 if x > 2v,?, 








or. 
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can be obtained by induction from results of Watson (1944, § 13.42, equation (4), 
ye = 1, using also § 13.24, equation (1)) or directly (Watson, § 13.14). This enables 
us to invert the function B(k, t;1, s | ro, 7)) in the form (ef. equation (2.59)) 

l = [(m+ | r ¢ oe I’ 
(27)8 (vt) (18) 7 ‘ i 
B(x, t; y; s | ro; To) a) 


if x < 2v,t and y < 2,8, 


0 if 








x > 2v,t or y > 20,8. 


This result shows consistency with the results for one-particle diffusion as in 
§ 2.3, the effect of the artificial cut-off 2v, in the p.d-f. of velocity is apparent. It is 
also clear that, if U;;(1, 7) is small compared to v7, (3.40) reduces to its first term 


B(x, t;Y,8| ToT) = G(x, 1) ly, 8), 


where the right-hand side is given by (2.59). If the initial separation of the points 
is so close in space and time that we can write U;,(t,7)) = vjd;;, equation (3.40) 
shows (cf. Watson, § 11.41, equation (12)) that 
Dna, 2 
R(k, t, s | 1,7) = (277)? B( —k, t: k, s | r9, 7) = Say ret 
or, inverting, 
R(r,t,s|,7)) > G(rgt+7r,s—t); (3.41) 


ry> 0, M9. 


This shows, as we expect, that in the limit ry > 0, 7), > 0, the particles are not 
separated by the flow and simply move together as one particle. (As a further 
consistency check, we note that the Lagrangian correlation (3.28) is given 
correctly by (3.41) in this case.) 


3.4. Solutions for large and intermediate times 
For very long times ¢ > l/vp, there is a high probability that the particles have 
separated by a distance comparable to, or greater than, / and therefore wander 
independently. In fact, the solution of (3.25) is exactly analogous to that of 


§2.5 for the one-point Green function, and we find 
(3.42) 


B(x, ty, 8 | fo, 7) > G(x, t)@y,s) (r >J), 


where G(x,t) and G(y,s) are given, in homogeneous flows, by the appropriate 
solutions of (2.69). In this case we find A(r, t) satisfies 
oR(r, t) _ ono OAK t) 
- 2 = 


DD Aw Ay 
t or,or; 


> 


so that R(r,t) assumes a Gaussian form corresponding to a diffusivity twice 
that characteristic of the one particle Green function (cf. equations (2.69) and 
(3.31). 

Consider turbulence at the high Reynolds numbers. Since the kinetic energy 
density of the turbulent flow must be finite, the spectrum function E(k) must 


satisfy kE(k)>0, k->oo; kE(k)>0, k->0. 


(3.40) 
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ie 
Also | E(k)dk =e if k> ky, | E(k) k2dk = /2v if k<ky, 
h 


0 


where k, (= 1/l) and k, are wave-numbers characteristic of the energy-containing 
range and the dissipation range, respectively. (¢ = rate of dissipation of energy 
per unit mass; v = kinematical viscosity.) Thus, within the inertial range 
ky <k < ky, the spectrum must be such that 


“hd ka 
| E(k)dk < 3v> and i} E(k) k? dk < €/2v. 
ko ko 
It follows that, if the inertial range spectrum approximates to a power law, it 
must be such that 

kE(k) +0, k-+oo; BE(k)>0, k>0O. 


For the later developments (cf. equations (3.61) and (3.62) below), we will 
require the more stringent conditions 


kB(k)>0, k->co: kE(k) +0, k>0. (3.43) 


If the initial separation satisfies 
L> 1) > Uk. (3.44) 


we expect that, in a time large compared to 7'(r,) but small compared to 1/v,, 
<(r—r,)*> will become large compared to 7? but remain small compared to /?. 
For these ‘intermediate times’ (as we shall term them), neither the short-time 
solution of $3.3 nor the long-time solution above is valid. 

Consider R(r—rp, t,t+7 | Po, 0) for 7 > 0. This quantity is the p.d.f. of the sepa- 
ration r of two particles (released at t = 0 at a separation of r)) one of which has 
been carried by the flow for a time ¢t, and the other for a time +7. This process 
may be visualized in two stages. During the first, of duration ¢, both particles are 
carried by the flow. Their separation r during this time is essentially unaffected 
by the energy-containing eddies which give nearly equal displacements to both 
particles. It is governed by the motions (relative to the energy-containing eddies) 
of dimension ~ r. Now, in a frame moving with the energy-containing eddies, the 
r.m.s. velocity associated with these small-scale motions is very small compared 
to v». Thus, the mean square separation <r?) at the termination of the first stage 
is very small compared to (v)¢)?. During the second stage, of duration 7, one of 
the particles can be considered as fixed in space while the other is carried by the 
flow for a further time 7. Its motion during this time is dominated by the energy- 
containing motions. During the first stage the relative diffusion is given by 
R(r,t,t | r,0). During the second stage the further diffusion of the second 
particle should be given by G(r, 7), since the energy-containing motions are almost 
uncorrelated with the small-scale motions. Thus, we expect 





R(r,t,t+7| 19,0) = [Rett | fp, 0)G(r—r’,7) dr’. (3.45) 


It is clear that this result is exact for t = 6 ort = 0. Also, the change in the mean 
9 


square separation during the second stage will be of the order of (v)7)?. Thus, 
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when this is large compared to the value of (r?) at the end of the first stage, 
(3.45) becomes Rr, t,t+7| 19,0) = G(r, 7). (3.46) 

Consider now (3.24) and its counterpart for ¢R/és. These show that 
OR(r,t,t|t%,0) =? | 


(t al 
dt’ | dr'[U;,(r’,t’) —U,(rgtr—r',t’)] 
0 


ot a or, er; 

x G(r’,t’)[R(r—r’,t—U,t|r,0)+ Rr —r’,t,t—-t' | rp, 0))} (3.47) 

By the arguments above, the integrand should be dominated by contributions 

from small t’ (because of the behaviour of FR) and from small r’ (because of the 

behaviour of G). We will therefore replace the R factors in the integrand by 

Rr, t,t | r,0). It seems likely from the preceding discussion that this approxi- 
mation will lead to results which are at least qualitatively correct. 

We now find 
CR(r,t,t| 1,0)  —e? 


= ~— [K,.(r, ,t,t ,9)], 3.48 
ot ar, or, | A (0 t) R(r | To )] (3.4 ) 
+t p 
where K (r,t) = 2 | ae’ | dr'[U,,(r',U) —U,,(to+r—r’,t’)] G(r’, t’). (3.49) 
For short times t < 7'(7,), (3.49) becomes 
K;,(r, t) ae 2t| vy 0; mie l ‘(To 0)], (3.50) 


which, by (3.48), is in agreement with (3.10). For very large times ¢ > l/v,, there 
is a high probability that the separation of particles is 2 /. For these separations, 
the second U factor in the integrand of (3.49) is negligible, and the first factor 


_— K,,(r,t) = 2k;;, (3.51) 


in agreement with the results derived earlier (cf. equation (3.31)). 

To calculate the form of K,,(r,t) for intermediate times, we express (3.49) in 
the form ~-  6f _ 
K (r,t) = 2(27)° jw | dk | 1 — etk-t+40)] 0, (k, t’) G(k, t’). (3.52) 


Assuming isotropy, we can write 

1" k,k;\ E(k, t) 

U,.(k,t) = |6,,-—” ; 3.53 

ij(K, ¢) ( i 33 | ak? ° (3.53) 
where E(k, 0) is the energy spectrum. It follows that if we adopt spherical polar 
co-ordinates and write 
R(r—Yp,t,t | r9,0) = R(r, 0, d,t), 

(3.48) has the form 


] l l 6 oR l @R 
—|reK(r M(r, — = (si 6= + -= = = 3.5 
” ia he ate ai | sn030 —_ ae eta 
where, by (3.52) and (3.53), 
sinkr coskr 


t i) l - 
qe — 4(977\3 , 4 eae 2s n(k, t’) Gk, t’), 3.55 
K(r,t) = 4(27) [ia | , dk E (kr)? * (kr |2 (k, t’) G(k, t’) (3.55) 


Pe * 2 = sinkr sinkr coskr _ 
Mir, t) = 2(27)8 ’ ti-— =F es O(k,t')G(k,t’). (3.56 
T(r, t) (277) |, I, dk 5 7s (kr) (ler? E(k,t')G(k,t’). (3.56) 
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For small kr, the quantities in the square brackets [...... ] in the integrands of 
(3.55) and (3.56) are proportional to (k7)?. Also, in the inertial range, we may take 
(cf. equation (2.21)) 


% 1 2.2 42 ied 
G(k,t) = i a i (3.57) 
and (cf. K., §8.4) E(k, t) = E(k) exp [— dkv2t?]. (3.58) 


9 


Thus, since by our initial supposition (3.43), k?E(k) > 0, k + 0, it follows that 
the integrands of (3.55) and (3.56) do not tend to infinity as rapidly as k-}, 
k + 0. Consequently the form of E(k) for small k (~ kj) does not influence the 
values of K(r,t) and M/(r,t) appreciably. However, these quantities do depend 
implicitly on the energy-containing range through the forms (3.57) and (3.58) 
for G(k, t) and E(k, t). We will discuss this in more detail at the conclusion of this 
section. 

Two further approximations are clearly justified. First, since ((r—rp)*) is 
large compared to r? for the times under consideration, the particles have in this 
time lost all ‘memory’ of their initial separation ry. Thus R(r,0,¢, t) must be 
independent of 75, 0, and ¢, and; by equation (3.54), it must satisfy 


OR(r,t) 107... . eR(ryt 
ss hs G ON "|. (3.59) 
ot Cr or 
Secondly, since (7?) is small compared to (vt)?, the exponential factors of (3.57) 
and (3.58) are small at the upper limit of integration over ¢ in (3.55) and (3.56), 
and we may therefore write 


z fo {1 sinkr coskr|,_,, _ ee 
af - : dk Ea (kr) + ay | E(k) exp [— 4k?v9 t?] 


2,/37 ‘. ake 


0 Uk 


l| 


K(r,t) = K(r) 


(3.60) 


II 


fl sinkr~ coskr 





ss + ame 
(kr)3 (kr)? 

Equation (3.59) was proposed by Richardson (1926) for the intermediate 
times discussed here. To investigate further the form of the variable diffusion 
coefficient (3.60) we will assume that in the inertial range the spectrum is a power 
law? of the form (cf. equation (3.43)) 


Bik) = pest (1 <n < 2), (3.61) 


+ We may now take the wave-number k, characteristic of the dissipation range to be 
beh Aials 1/(3—n) 7, 
eS g Wes 
where ky =1/l = e/v’, Ry = volev = Volkov. 
The ‘intermediate times’ referred to above may now be defined more precisely by 


ms r)\*8-") J l 
(ro) = {= ee 
l U% U 
Also, the circumstances under which (3.46) is a good approximation are 
UpT/L > (vot/l)i/2@-”. 
Note that (3.61) may be written 
E(k) = Plvg(kl)-". 
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where / is a dimensionless constant of the order of unity. With this spectrum, 
(3.60) gives, on integrating by parts and use of results of Watson (1944, §§3.4, 


13.24), 
‘ Or eco Js (a) da 

K(r) = f vé ent of saad “7 - 

n Qo eemrs) 


$n) N—1)4—-3nryn — n 2 @° 
B+ 4n)° Vo "7" = Ar”, (say). (3.62) 
If we suppose that at some time t, > T(r) 

R(r,t) = Br, t,), (3.63) 


then at subsequent times ¢(< //v,), (3.59) and (3.62) show that 


R(r,t) = 4(2—n) rhe | HME, t) J(Er!2—”) exp [—JA(2—n)2 2-4] EdE, 


rx 


ee peer he—m)) dr, (3.65) 


For t > t,, (3.64) reduces tot 
1 


R(r,t) = 
(2 — nyt n)/(2— »r(; 


exp [—r2-"/(2—n)? Ad], (3.66) 





1 
3 ) "(At)/e-m) 
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The behaviour of (7?) as a function of ¢ is extraordinarily sensitive to the value 
of n assumed. Two cases are worthy of notice: 


so that (98) = —— (Ate, (3.67) 


n=% (Kraichnan 1959) 
K(r) cet? ug, <r?) oc et4/02, (3.68) 


n= (Kolmogorov 1941) 


9 


K(r)oc efr3/vy, <r?) oc €t8/v8. (3.69) 

Neither of these agree with the form proposed by Richardson (1926, see also 
Batchelor 1950); : P . 

-_ K(r)ccetri, <r? cc ef, (3.70) 


That this is so is not surprising. Kraichnan’s direct interaction approximation 
does not give an inertial range spectrum which agrees with that derived from 


+ The behaviour of R(r, t) and <r?) given by (3.66) and (3.67) is almost certainly inde- 
pendent of the approximation 
R(r—r’,t—t’,t|1r, 0) = Rr, t, t| r9, 0) 
which led from (3.47) to (3.48). In fact, it can be shown that the more accurate approxi- 
mation method based on (3.45) and (3.47) leads to results whose dimensional forms are 
identical to (3.66) and (3.67). 
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Kolmogorov’s similarity arguments. In the same way, when this approximation 
is applied to turbulent diffusion, it does not give a diffusion coefficient which 
agrees with that derived by these similarity arguments, even if Kolmogorov’s 
spectrum is assumed. This is because the dynamics of diffusion with a given velo- 
city field differ on the two theories. It would seem that the behaviour of <7?) as 
a function of ¢ might provide a sensitive test by which to confront with experi- 
ment different assumptions about the structure of the inertial range. 

Kraichnan (1959) has made a detailed comparison between the direct- 
interaction approximation and the Kolmogorov theory. He has traced the 
difference in the inertial range spectra to the difference in the role played by the 
energy-containing eddies in the two cases. In Kolmogorov’s theory these eddies 
merely convect the small-scale motions without influencing their dynamics, 
whereas in the direct-interaction approximation this is not so. In the same way, 
on arguments of the Kolmogorov type, the relative diffusion of particles should 
be independent of the energy-containing eddies. However, the application of 
the direct-interaction approximation has led to results which depend on the 
energy-containing motions. If we wish to modify our formalism in such a way 
that our results depend only on the sma!l-scale motions, we would transform to a 
frame of reference moving with the energy-containing eddies. We would expect 
that results of the form (3.48), (3.49) would be qualitatively correct, provided 
that G(k,t) now described one-point diffusion relative to a source moving with 
the energy-containing eddies. On similarity arguments of the Kolmogorov type, 
G(k, t) would then depend upon ke’ t. Similarly, L(4,t) would describe the struc- 
ture of the small-scale eddies in a frame of reference moving with the large-scale 
motions, and would take the form 


E(k,t) = E(k) f(keet). 


The cver-all effect of these modifications would be that a quantity of the order of 
[kE(k)]? would appear in place of v, in the expression (3.60) for K(r). Kraichnan 
(1959, §9.1) has shown that this substitution resolves the conflict between the 
Kolmogorov theory of turbulence and the theory based on the direct-interaction 
approximation. The quantity [kE(k)]} may be considered as the r.m.s. velocity 
associated with the motions of wave-numbers k as they are convected by the 
large-scale motions. Substitution of this quantity for v, in (3.60) gives 


o ae on 
RK (r) oc Ein) ve 3) y3(n +1). (3.71) 
which, taking n = 3, leads to (3.70). With these changes in the interpretation of 


G(k,t) and E(k,t), the sensitivity of our results to the form of the inertial range 
spectrum remains. 


I am extremely grateful to Dr R. H. Kraichnan for detailed discussions and 
helpful criticisms of the work presented in this paper. 
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On the stability of a heterogeneous shear layer 
subject to a body force 


By J. MENKES 


Jet Propulsion Laboratory, California Institute of Technology, 
Pasadena 


(Received 15 August 1960 and in revised form 30 March 1961) 


The effects of density variation and body force on the stability of a hetero- 
geneous horizontal shear layer are investigated. The density is assumed to 
decrease exponentially with height, and the body force is assumed to be derivable 
from a potential; the velocity distribution in the shear layer is taken to be 
U(y) = tanhy. The method of small disturbances is employed to obtain a family 
of neutral stability curves depending on the choice of the Richardson number. 
It is demonstrated, furthermore, that the value of the critical Richardson 
number depends on the magnitude of the non-dimensional density gradient. 





1. Introduction 


It is a frequent occurrence in nature that two fluids of different densities 
flow one on top of the other. If the flow is predominantly horizontal, and if the 
density diminishes rapidly in the upward direction, then the process of turbulent 
mixing must cause heavier fluid elements to be moved above lighter ones and 
lighter fluid elements below heavier ones. Both displacements consume energy 
that has to be extracted from the mean flow at the expense of energy that might 
be available for the maintenance of turbulence.t The same considerations apply 
quite generally to work against any body force. The present paper, an extension 
of an earlier analysis (Menkes 1959), is one of a series of researches (see, for ex- 
ample, Prandtl 1931; Taylor 1931; Goldstein 1931; Drazin 1958) undertaken to 
establish the limits of stability of a shear flow in a stably stratified medium. 


2. Analysis 


The equations of motion governing the behaviour of an incompressible 
inviscid fluid under the action of a body force, gVy, are Euler’s equation, 


Du Vp 
Pa oe i 
Dt p —_ (1) 
the condition of incompressibility, 
Dp . 
; ie (2) 


+ This argument, which follows Prandtl’s exposition (Prandtl, 1952, p. 131), presup- 
poses that the total kinetic energy can be resolved into two terms: one term represents the 
contribution of the mean flow and the other that giving rise to the turbulent Reynolds 
stresses. The energy partition is assumed to be unaffected by the density stratification. 
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and the equation of continuity, 


V.u= 0. (3) 


The velocity components u, the pressure p, and the density p are assumed to 
consist of a time-independent part and of a perturbation. Thus we write 


u=VUy)+Vileyt], v= —Viilx,y,t), (4a) 
p = Ply) +p'(,y,1), (4b) 
= pol Ply) +p'(x,y, t)], (4c) 

y’ = w(y)exp[tk(x—ct)], (¢ =c¢,+7%¢;). (4d) 


Here V is the oom aty = +oand y’ isa perturbation stream function; U(y), 
P(y), and p(y) describe the ambient state whose stability is to be investigated; 
k is a wave-number and ¢ a complex phase velocity. Also, x = x,/d and y = y,/d, 
where 2, and y, are the physical co-ordinates and d is so chosen that dU /dy = 1 
at y = 0; thus d characterizes the width of the transition layer. Denoting the 
Froude number, V2/gd, by F, setting p = exp (— 2Ly), where L is a dimensionless 
density gradient, and eliminating p’ and p’ from equations (1), (2), and (3) yields 

(U 0) (y" — 2p) - Uy + np)’ (Ue) — (Ue yA Eo, 
where primes denote differentiation with respect to y. (5) 

At this point we introduce the primary velocity distribution U(y) = tanh y as 
the independent variable. Denoting now by primes differentiation with respect to 
U, and setting y(y) = ¢(U) and 2L/F = J, we derive the equation 


p" +a(U) 9’ +b(U) ¢} = 0, (6) 
where 
_  &U+L) 
7) ay 1)(U—1)’ (7a) 
b(U) = J a _20+L) __ 
~ (O=02 (UO +12 (U=1)? (W412 (U= 1? (Ue) (0+ 1) (T= 1)’ 
(7b) 


with the boundary conditions ké(U) = 0, at U = +1. (J is the Richardson 
number.) 

Equation (6) is of a rather simple type. Its singularities, which are located 
at +1 andc, are regular singularities. It can be demonstrated that the point at 
infinity is also a regular singularity. The substitution into equation (6) of 

Z = (U-1)-4(U—c)-®(U + 1)-*¢ 
yields an equation that has at least one bounded solution at each of the singu- 


larities. The «; are defined by 
a. 3) 
a ae 0 


L k? 2S ; 
= 
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and each represents one of the indices relative to the finite points of the singu- 
larity. After this transformation, equation (6) reads 
» Jl-a,.l-a, 1-4] _, otU —r 
Z + 4 SZ + a a Z=0 (8) 
U-1 U-ce U+1) (U—1)(U—c)(U+1) 

with the boundary conditions replaced by regularity conditions on Z(U) at 
U = +1andc. Asufficient condition for the existence of atrivialsolution Z = con- 
stant (which, of course, satisfies the boundary conditions identically) is given 
formally by or = 0, (9) 
, (10) 


where o and 7 are the indices relative to the point at infinity andr is an accessory 
parameter (see Bieberbach 1953). After a considerable amount of tedious, but 
essentially straightforward, algebraic manipulation, we obtain from equations 
(9) and (10) the explicit relations: 


b= ~e[ 1-8 5,|— 10 -m [R= (1-2)! R40) (1-9) 24, 
; (11) 
_9 — £y3 (1 —7)31 4+ J (1 —c2)-2 + 2 - 
cai pz — Re?) [A —§)* (1-9)? +d (1-07)? + (ue ei 9 (12) 
1+[(1—£)(1—m)]} 
where ' 
2 oF yeh ay § 2 
pleas are) Fy aaa “A =e |S an 
a = ae ge 9 gee # f ip 


It is to be noted that equations (11) and (12) are not homogeneous in any of 
the quantities J, L, k, and c; however, there are two equations in four unknowns. 
It was found convenient from a computational point of view to consider Z and 
2 as the primary variables, and J and ¢ as parameters. The equations were 
solved numerically by an iteration technique on an [BM 704 digital computer. 


3. Discussion and results 


In the usual case the neutral stability curve represents possible neutral 
disturbances and separates the stable from the unstable ones, with no ‘forbidden’ 
disturbances present anywhere. The stability boundaries displayed in figure 1 
have a meaning slightly different from that commonly accepted. A particular 
boundary separates unstable disturbances from stable ones and from those that 
are physically not realizable. This may be stated in a different way: as the 
boundary is approached from the inside along an arbitrary path one passes over 
possible disturbances, and the closer one gets to the boundary the smaller will 
be the amplification. On the other hand, when the boundary is approached from 
the outside one cannot be sure whether an arbitrary path consists only of per- 
mitted disturbances or not. This implies that the only statement that can be made 
about the attenuation is that if the path consists only of a succession of possible 
disturbances, then as the boundary is approached the attenuation decreases, to 
vanish at the boundary itself. For practical purposes, however, this distinction is 
immaterial since one may state without ambiguity the maximum value of k? + 1? 
that corresponds to an unstable disturbance, for a prescribed value of J. 
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The present analysis throws into relief the dependence of the stability on the 
relative magnitudes of the wave-number / and the parameter L. The governing 
quantity appears to be k? + L*. The analysis of Taylor (1931) in which the para- 
meter I was neglected indicated that as the wave-number decreased, the in- 
stability became more pronounced. By including the effect of the density 
gradient, one can stabilize a disturbance that was shown, in the absence of 
a density gradient, to be unstable by virtue of its small wave-number. The 
stabilizing effect of the density gradient is thus clearly demonstrated. 
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FicurE 1. Stability map. The curves represent the boundaries between unstable dis- 
turbances (inside, shaded) and disturbances which are either damped or physically 
unrealizable. 
; 

The relationship that must exist between L and c, for given values of J, to 
obtain a neutral disturbance is displayed in figure 2. It is to be noted that 
the curves terminate before reaching the c-axis, thus implying that the on_y 
solution corresponding to 1. = 0 is c = 0, which is the one found by Drazin. 

The accepted convention of referring to a critical Richardson number is 
unfortunate because it conjures up similarities with the critical Reynolds number 
of hydrodynamic stability theory to which it bears hardly any semblance. 
The critical Richardson number represents a number beyond which no virtual 
displacement} of the flow field appears possible if one forces the solution to be 


+ The displacement is taken to apply not only to spatial displacements but also to 
velocity, pressure, etc. 
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exponential in x as in ¢, and furthermore if one rules out the improper eigen- 
functions associated with the continuous spectrum as demonstrated by Eliassen, 
Hoiland & Riis (1953) and Case (1960).7 In this sense, then, the flow is stable, 
so to say, by default. This is certainly an odd result, but one that has been 
obtained consistently by Taylor, Goldstein, Drazin, and the present author. 
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Ficure 2. Neutral stability boundaries. 


It appears to be a property of inviscid stability problems. No physical explana- 
tion can be offered, and the mathematical one provides little solace; it only states 
that, for J > J,,, a physical quantity becomes imaginary when subjected to a 
virtual displacement (see Appendix). 

The fact that the disturbance spectrum is finite, due to the presence of a cut-off 
wave-number, does not necessarily imply, however, that the asymptotic flow 
field is undetermined. It has been demonstrated by Case that, in general, the 
solutions associated with the continuous spectrum decay like 1/f, while Carrier 
& Chang (1959) have shown that the inclusion of the continuous spectrum does 
not change the value of the cut-off wave-number. Thus, without solving the 
initial value problem in the present case, one may reason that the missing solu- 
tions will not affect the stability of the flow. 


+ The author is indebted to a referee for the precise formulation of the statement. 
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Appendix. The relationship between ‘completeness’ and the cut-off 
wave-number 

The possibility that wave-like solutions to the disturbance equation may not 
exist can be anticipated from the following considerations. Any second-order 
differential equation of the type 


Z"+g(U)Z'+h(U)Z =0 
can be reduced to the canonical form 
W"+I(U)W =0. 
The invariant /(U) is given by 
I(U) =h—-jg?— 39’, 


while the dependent variable is given by W = Zexp}|g(U)dU. When this 
transformation is applied to equation (8), subject to the conditions (9) and (10), 
we find that the invariant is given by 


_% l—a, 1-4 l—a, 
2 lem ie * (Te? * (Ut | 


leon twee eyes 
2|(U-1)(U-c) (U-1)(U4+1)  (U-c)(U+1)|" 


=“ 


For the case where J is constant, it is well known that J > 0 corresponds to 
wave-like solutions and that J < 0 corresponds to exponential solutions. The 
same criterion still holds if J is a function of the independent variable (see 
Mott 1952, chapter 1). The form of /(U) as displayed above makes it plausible 
that for a certain combination of values of «;, which are functions of L, J, kande, 
the magnitude of /(U) will become negative. If we now try to force the solution 
to be wave-like, we shall find that the velocity perturbation will turn out to be a 
purely imaginary quantity, indicating the physical impossibility of realizing 
such a solution. The detailed calculations have shown that this does actually 
take place when J > (k?+ LZ?) (1—c)?, or J > }(1—c?)*, whichever is smaller. 
The smaller value of the Richardson number is referred to as the critical one. This 
simple relationship between the invariant and the cut-off wave-number has 
apparently not been noticed before. 


This paper represents the results of one phase of research carried out at the Jet 
Propulsion Laboratory, California Institute of Technology, under Contract 
No. NASw-6, sponsored by the National Aeronautics and Space Administration. 
The paper was presented at the 10th International Congress of Applied Mechanics 
in Stresa, 31 August—-7 September 1960. 

The author is indebted to Dr P. Peabody for help in programming the problem 
for machine calculation and to Mr R. J. Mueller and Mrs M. Simes who carried 
out most of the calculations. The help of Mrs D. Porter in the preparation of the 
manuscript is gratefully acknowledged. 

19 Fluid Mech. 11 





290 J. Menkes 


REFERENCES 

BIEBERBACH, L. 1953 Theorie der gewohnlichen Differentialgleichungen, Grundleheren der 
mathematischen Wissenschaften, Band LXVI. Berlin, Géttingen, Heidelberg: Springer 
Verlag. 

CarRigeR, G. F. & Cuane, C. T. 1959 On an initial value problem concerning Taylor 
instability of incompressible fluid. Quart. Appl. Math. 16, 4. 

Case, K.M. 1960 Stability of inviscid plane Couette flow. Phys. Fluids, 3, 2. 

Drazin, P. G. 1958 The stability of a shear layer in an unbounded heterogeneous inviscid 
fluid. J. Fluid Mech. 4, 214. 

ELIASSEN, A., Homann, E. & Rus, E. 1953 Two-dimensional perturbation of a flow with 
constant shear of a stratified fluid. Institute for Weather and Climate Research, The 
Norwegian Academy of Sciences and Letters, Publication No. 1. 

GOLDSTEIN, S. 1931 On the stability of superposed streams of fluids of different densities. 
Proc. Roy. Soc. A, 132, 524. 

MenkKES, J. 1959 On the stability of a shear layer. J. Fluid Mech. 6, 518. 

Morr, N. F. 1952 Elements of Wave Mechanics. Cambridge University Press. 

PranptTL, L. 1931 NACA Tech. Mem. no. 625. 

PRANDTL, L. 1952 Essentials of Fluid Dynamics. New York: Hefner. 


Taytor, G. I. 1931 Effect of variation in density on the stability of superposed streams 
of fluid. Proc. Roy. Soc. A, 132, 499. 











, der 
nger 


ylor 


seid 


with 


The 


ties. 


ams 





291 


Unsteady, viscous, circular flow 


I. The line impulse of angular momentum 


By MERWIN SIBULKIN 


Convair Scientific Research Laboratory, San Diego 
(Received 27 December 1960) 


In this paper a study of the energy-transfer processes associated with the 
motion of a viscous, heat-conducting fluid is begun. The class of motions con- 
sidered are unsteady, two-dimensional, vortical flows. After developing simpli- 
fied equations of motion and energy appropriate to this type of flow in the low 
Mach-number limit, general solutions of the momentum equations are presented. 

The concept of a line impulse of angular momentum is introduced as an example 
of this class of motions for which a solution of the energy field is obtainable in 
closed form. The solution for the line impulse can be viewed as a combination of 
velocity, pressure, and temperature waves concurrently radiating from the 
origin of the impulse and decaying with time. Particular examples of the develop- 
ment of the energy field of the impulse in both liquids and gases are presented 
for selected values of Prandtl number. The energy-transfer processes are dis- 
cussed in some detail, and the resulting differences in the energy fields for liquid 
gases are emphasized. 





1. Introduction 

For a large class of problems in hydrodynamics and low-speed aerodynamics, 
it is not necessary to study the energy equation to obtain the desired solution 
of the flow problem. In inviscid, compressible flow the energy equation per se is 
eliminated by the use of the isentropic relationship p/p’ = const. And, for cer- 
tain viscous, compressible flow problems the energy equation is satisfied for 
particular values of the Prandtl number o by a constant value of the stagnation 
temperature throughout the flow field, e.g. the flow over an insulated plate with 

= 1 and the flow through a shock wave with a = ?. Consequently, there have 
been relatively few problems in fluid dynamics in which solutions of the energy 
equation have been obtained compared to those in which the momentum equation 
has been solved. 

In this investigation, interest will be focused upon the transfer of energy be- 
tween fluid elements due to viscous work and to heat conduction within (but 
not across) the boundaries of the fluid. The particular class of problems studied 
are unsteady, two-dimensional flows with circular streamlines. This work was 
originally motivated by a desire to understand the temperature separation 
phenomenon exhibited by the Ranque-—Hilsch vortex tube. 

The investigation is divided into three parts. 


19-2 
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In part I the energy field in an infinite fluid associated with the decay of what 
will be defined as a line impulse of angular momentum is considered. The flows 
of both a liquid and of a gas in the limit of Mach number equal to zero are studied, 
and solutions, in closed form, are obtained and compared. 

The investigation will proceed as follows. First, simplified forms of the 
Navier-Stokes and energy equations for plane, axisymmetric flow are developed 
for the case where the Mach number in the flow field is everywhere much less 
than one. Then the general solutions for the decay of the velocity field associated 
with an arbitrary initial velocity distribution are given for finite and for infinite 
flow fields. 

The particular initial velocity distribution for a line impulse of angular momen- 
tum is then introduced. The line impulse of angular momentum may be associated 
with the following physical model. If a cylindrical rod whose radius is very small 
compared to its length is immersed in a viscous fluid and impulsively set in 
rotation about its axis, the adjacent fluid will also be set in motion. The line 
impulse of angular momentum corresponds to the limit obtained as the radius 
of the rod approaches zero and the angular velocity of the rod approaches infinity 
in such a way that the angular momentum imparted to the fluid remains finite. 

The solution obtained for the velocity field associated with the decay of the 
line impulse is then used to determine the energy dissipation due to viscosity. 
Finally, the energy fields resulting from the combined action of dissipation and 
heat conduction are found for both incompressible and compressible fluids. 

In part II the corresponding flows in a circular cylinder of finite radius will be 
considered, and the energy transfer processes will be discussed in some detail. 
In these cases it will be necessary to resort to numerical integration to obtain the 
desired solutions of the energy equation. 

In part IIL a new model for the flow in a vortex tube will be proposed. Using 
the methods developed in part II, velocity and energy profiles will be calculated 
and compared with previously published measurements. Some new experi- 
mental work based upon the proposed flow model will also be presented. 


2. Notation 

Because of the large number of symbols required, it has been convenient in a 
few instances to assign more than one meaning to a symbol where, it is hoped, no 
confusion should result. 

The term total denotes the addition of the kinetic energy per unit mass to the 
specified quantity; the term over-all denotes an integrated value (e.g. of kinetic 
energy) for a disk of fluid of unit depth. An overbar indicates a mean value, and 
an asterisk indicates a non-dimensional quantity. Finally, a subscript 0 denotes 
the value taken as 7 > ©. 


3. Preliminary analysis of the conservation equations 

In the present work we shall consider two idealized fluids: (i) the perfect gas 
having the equation of state p = p#T and constant values of specific heat c, 
and c,, and (ii) the perfect liquid having the equation of state p = const. and a 
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single, constant specific heat c. Hereafter, when the terms gas or liquid are used 
they will be understood to refer to the perfect fluids defined above. 

In cylindical polar co-ordinates (7, 4, z) the continuity, momentum, and energy 
equations for two-dimensional (¢/¢éz = 0), axisymmetric (¢/¢? = 0) flow are 
(see, for example, Pai 1956, pp. 28-44, and Howarth 1953, pp. 38-54): 


a “ (rpu) = 0, (3.la) 

ct ror 
oe ep 
Bite a 
Pt T(r) Breest2(uit), aan 


where t is the time, p is the fluid density, u the radial velocity, v the cireumferen- 
tial velocity, p the pressure, and 7’ the temperature in the fluid, and where 


D 0 0 ‘ ou Adc(ru) a 
—=~-+u~, 0, = —ptue—t+-——, Cn =—ptAy-, 
Dt ct or’ = ile cr 60 rae r 


r or 
ov v Cu\2 u\2 (ev v\? ou u\? 

wae). tae) 2 ——- Al— ; 

r6 (3 " f (= e (“) +(2 " |+ (;' ) 


je being the first, A the second, coefficient of viscosity, and k being the thermal 
conductivity. 

We now consider the relative magnitudes of u and v. For a source-free liquid, 
the continuity equation (3.1a@) immediately gives u = 0. To study the situation 
for a gas we choose a characteristic radius R and velocity V and define the non- 
dimensional variables s = r/R and t=tV/R. In the limit M—0 where M is 
the Mach number (in the sense V - 0 for finite 7’), the changes in fluid properties 
will be small perturbations about the mean values p, p, 7’, #, and k. The continuity 
equation (3.1@) can be formally integrated in the form 


I $s] A) 
a ;| —P 6 ds’. (3.2) 


V (p/p)s 


Defining the non-dimensional variables 


_h-h _p-p _ p-Pp. . Fe aa 
h* = Lye? p* = p* = Mp’ M = Oh =- > M?. (3.3) 


2Ve pV? 


where h is the enthalpy per unit mass, and y the ratio of the specific heats, 
the gas law can be written in the non-dimensional form 


p* = {yl(y—1)} pt —A*. (3.4) 


Differentiating (3.4) and substituting the result in (3.2) gives 


ai oil ‘ ( Y ) eee sas. (3.5) 
V (p/p)sJol\y—4) er or 
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Since we consider only those changes in enthalpy due to viscous work (by 
restricting the analysis to flows with no heat transfer across the boundaries of 
the fluid), * remains finite as @ —> 0 (as, of course, does p*), and therefore 


U 
lim — = 0. (3.6) 
M0 V 
For estimation purposes (again considering the limit .@ — 0), one may take 


hf = hl{h or ni _ h—h _V 


nee = ~~ =—- = M. 

Lt h 2h 
‘its st a 0 hs, = ] ov a 
Then lim 5. “(uur ") = bse [1 +01 M)\r a fx ( z= (3.7) 


and similarly for the heat conduction term in the energy equation. 
Applying (3.6) and (3.7) to (3.1) eliminates the continuity equation and re- 
duces the momentum and energy equations to 


ail. (3.82) 

r or 
FEL) asm 
(liquid) Pa = n( = “i482 (" =) R (3.8¢) 
oo ea. an 


where ¢ is the internal energy per unit mass. 

Comparing (3.8) to the more familiar steady, boundary-layer equations we 
note that the momentum equations for a liquid and for a gas become identical 
and are uncoupled from the energy equation as in the boundary-layer case. 
However, the energy equations for a liquid and for a gas differ in the unsteady 
terms. 

The unsteady pressure term in (3.8d) can be eliminated by the use of the radial 
momentum equation (3.8a). After integrating (3.8a) with respect to r and dif- 
ferentiating with respect to ¢, the resulting expression in non-dimensional vari- 


op* _ - op*(a - +2" (2 et wie) ds' 
‘ IR Ty a 


T OT alk \P CT C 


ables is 


where a is an arbitrary fixed point in the fluid. Thus 


a AK y.% 3 Nyy \2 
. Op cp*(a) . oer 
lim f ~ A | — 
M->0 OT CT Ja/R @ 





(3.9) 


vs 
§ 





and, it may be noted, v*(s,7) may be found from the circumferential momentum 
equation (3.8b) above. 

The remainder of the analysis is restricted to the limit 1M — 0; the bars over 
the fluid properties are no longer needed and will be omitted. 
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A further mathematical simplification of equations (3.8) can be achieved by 
employing the angular velocity w ( = v/r) as a dependent variable. In terms of w 
we obtain 


prow? = ep/er, (3.10a) 
ow vo Cw 
Se ga 
hae ( =) en 
or dp eCw\2? ke ( oT 
C 7a ee ae ") 2 | ee A ‘ l 
Pon ot ot lea (5, + or ( =) aane) 


where v is the kinematic viscosity and (3.8c) and (3.8d) have been combined into 
(3.10c), for the sake of economy, by using the ‘Kronecker 6’ defined below: 

for fluid = liquid, 4,,=0, c,dT’ =cdT = de, 
and for fluid = gas, by, =1, ¢,dT= dh. 
Finally, since we are interested in the total-energy field, we combine the momen- 
tum equation (multiplied by w) with the energy equation to obtain the ‘total- 
energy equation’ 
oa vo os lop v 0 [(o—1)r3 Cw? 
crs a Ul A = ea 6 as ~ = pao ee ct 2 2 > a 1 1 
( C p ot whee | 2 or ( ) 
where, anticipating the application of (3.11) to an infinite flow field we have 
defined a general-purpose total energy (or enthalpy) variable = by 
= ¢, 1 + 4v*—c,T.; 
= H-e, (fora liquid), = = H—h, (fora gas). (3.11a) 


ft) 


thus 


Here £ is the ‘total internal energy’ and H the total enthalpy, each being obtained 
by adding the kinetic energy to the previously defined quantities. The circum- 
ferential momentum and total-energy equations in the form (3.106) and (3.11) 
form the basis of the subsequent analysis. 


4. Solution of the momentum equation 

4.1. General solutions 
The boundary conditions for the circumferential momentum equation (3.105) 
are determined by the requirements that v = 0 at r = 0 and, for an infinite fluid, 
v = 0 at r= o. When the fluid is bounded by a fixed cylinder of finite radius 
Rk,} v = Oatr = R. In terms of w(r, t), we have the relations 


(cw/er) (0, t) = 0, (4.1 a) 
wo(R,t)=0 or w(o,t) =0. (4.1) 

The separation of variables technique and (4.1a) give as a solution of (3.100) 
w(r,t) = (A/r) e-*! J, (ar?/v)3, (4.2) 


where J, is the Bessel function of the first kind and A and « are constants to be 


determined. 


+ It should be clear that this use of the symbol RF is not inconsistent with the use of R 
as a characteristic radius in $3. 
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For the cylinder of finite radius, boundary condition (4.15) gives a; = A?v/R? 
where the A; are the zeros of J,. Then, expanding an arbitrary initial condition 
w(r,0) in a Fourier—Bessel series in J, and combining the result with (4.2) gives 
the general solution (McLeod 1922 


aC A2vt\ J,(A;s) f) 
ej th= 3 theup] =) sw(sR, 0) J, (A, 8) ds . 
u(r, t) > 2Rexp( R sar |, (sR, 0) J,(A;s) ds, (4.3) 


where s = r/R. 
For the infinite fluid, setting k = (a/v)! and applying the Fourier—Bessel 
transform to (4.2) yields 


v(r,t) = ‘ (k J (kr’) J,(kr) et kal r’?w(r', 0) dr’, (4.4) 


which may be integrated over k (using 4.14 (39) of Erdelyi, Magnus, Oberhettinger 
& Tricomi 1954), to give the general solution 


Ce r’2a(r’, 0) r2+y/2 rr’ , " 
u(r, t) = a ep -) | A Fa) dr’, (4.5) 


where J, is the modified Bessel function of the first kind. 


4.2. Velocity field of the line impulse of angular momentum 
We define the cylindrical impulse of angular momentum Q(r’) as the d-function 
of w which is everywhere zero except at 7 = r’, where it tends to infinity in such 
a way that " 
2n{ w(r) Pdr = Q(r’). (4.6) 
0 
For r’ = 0, equation (4.6) defines the line impulse of angular momentum which 
will be designated simply by . 
Combining (4.6) with (4.5), the time-dependent velocity field of a cylindrical 
impulse occurring at ¢ = 0 is given by 


rn TQA(r’) r24-72\ DT (rr’/2vt) 
(r,t;¢ = ——. emp, —-—__— Moco 4.7 
es ste? ( 4vt rr’ [2vt ite 
Since lim J,(x)/x = 4, 
x0 


the corresponding result for a line impulse of angular momentum is 


rQ ia 
u(r, t) = 1énp72 xP (- za ' (4.8) 


A plot of (4.8) with v, 7, and ¢ made non-dimensional in an appropriate manner is 
given in figure 1.7 


+ The equation v = (— Ar/2vt?) exp (—r?/4vt) was first given by Taylor (1918) as a par- 
ticular solution of the momentum equation (3.106) which could be used to represent 
‘a small eddy’. Taylor then compared the decay time of this eddy with measurements of 
the decay of turbulence behind a grid. In the present paper, the energy field associated 
with this particular velocity distribution is determined. 
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We now consider some properties of the line impulse.+ 

(i) Since there are no solid boundaries, the total angular momentum of the 
fluid (obtained by substituting (4.8) in (4.6)) is independent of time and equal 
to Q. 

(ii) The over-all kinetic energy of the fluid, 


I(t) = 20 [ “e,rdr = mp | wrdr, (4.9) 
J0 0 


is a function of time, since integrating (4.9) gives 


[,(t) = pQ?/1287v#?. (4.10) 








J 
0 0:4 0:8 1-2 1-6 2:0 
(v/Q)t r 





FicurE 1. Typical profiles showing the decay and spread of the velocity field, v, 
of a line impulse of angular momentum created at t = 0. 


Here e,, is the kinetic energy per unit mass. As t-> 0, J, > ©, i.e. the kinetic 
energy of the impulse becomes infinite since the momentum remains finite as 
the mass of fluid in motion approaches zero at time equal to zero. This is clearly 
a physically unrealizable situation, and will have an important effect on the 
solution of the energy equation. 

(iii) The viscous work, i.e. the rate of increase of energy per unit volume due 
to the action of shear forces, is (ef. equation (3.10c)) 


Ce). 0 (pr? , (cw\? 
Fir,d) = 2 +@ = — | _— 2 11 
W(r, t) 7 ® 5( 9 )+m (=?) : (4.11) 


+ It may be permissible to point out that (contrary to the case of line and cylindrical 
heat sources) the cylindrical impulse is not obtained by the superposition of a ring of line 
impulses since in the latter case the velocity changes direction at r= r’. 
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which for the line impulse becomes 


sea 2pQ? Cd) em Cn - j 
VW (r, t) = (167)23¢4 laa —2 vt exp ~ Ont ° (4.12) 


Since this viscous work can cause only a redistribution of energy between fluid 
elements, we must have 


2n | W(r,t)rdr = 0, (4.13) 
0 
a relationship satisfied by (4.12). 


5. Solution of the energy equation for the line impulse 


The handling of the unsteady pressure term in the energy equation was dis- 
cussed in §3 (cf. equation (3.9)). For the velocity field of the line impulse (4.8), 
we set a = 00 and obtain 


lop fo ia - 
A [ae eel 5.1 
p ot ee = exp = i 


Substituting (4.8) and (5.1) in (3.11) gives 


C2 ov 0( 08 Q2 i 
= 7 ( ) = ree 08 v, 0), (5.2) 


where 


1 as Ay fe*\* [2 His 

. “py = _ ‘a — net ») ee th ee deel outa Pete 

a a ja°XP ( = 2(1 5) (Fi) +( a(1 -)| 2uvt 
2 r _ 


Equation (5.2) is of the form of an inhomogeneous, unsteady diffusion equa- 
tion for the total energy (enthalpy) = in terms of the known distribution of 
total energy (enthalpy) sources Q. The variable = has been defined (3.11a@) such 
that the boundary condition at infinity is B(0o,t) = 0. 

For the liquid case, the energy source term is due only to viscous work and, 
consequently, equation (5.2a) satisfies the conservation of energy relationship 
(cf. equation (4.13)) e 
2m | Q[liquid] rdr = 0. (5.3) 

0 


In addition, in the absence of heat conduction (o = 00), equation (5.2a) reduces 
to (4.12), that is to 
{pQ?/(167r)? v3} Q[liquid, 7 = 0] = W. 


~ 


For the case of a gas, (5.2a) represents a total enthalpy source field and con- 
tains, in addition to the viscous-work terms, a term representing the increase 
in enthalpy due to fluid element contraction.The distribution of Q for liquids and 
gases is shown in figure 2 as a function of the similarity parameter 0 = r?/2vt, for 
several values of Prandtl number, a. For a particular value of 7, the shape of 
Q(9, t) is independent of time, but its magnitude at a specific value of 0 decreases 
as ¢}, 
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E = [Q2/(167)2 v3] (Z, +=,). (5.3a) 
a formal solution of (5.2) is given by 
or a 4 rx 
&,(r,¢) = | an | Q(r’,t') G(r, t; 7’, t’) 2a’ dr’, (5.35) 
J” 0 
@ 
=(r, ¢) =| [02?/(1677)? v3 }-1 B(r’, y) G(r, t; 7’, 9) 2a’ dr’, (5.3¢) 
0 
3 
2. 7* g 
/ 
/ 
| \« 1° 2) 
] \ 1 20 
ie B34 10 
. LD aa 
SF 0H Ke SaaS —— ii 
\ Wi tal ts —w——e 
A? Waa 4 :. 1-0 4 ae : 3 
1-20 \I 
/} Nige 1 
; (a 
—4 i J 1 L i j 
| 
0 = 
aS ‘ 2-0 
N x 10 
“> CS SSE ——— ——e 
4 we, 6% Alea nena eae 
a 
i 
b 
4 3 ! ! ! 1 | i J J 
0 ] 2 3 4 5 6 7 8 9 10 
0 = r?/2vt 


Ficure 2. Distribution of source strength Q versus the similarity parameter @ 
PSP . 


for several values of Prandtl number a. (a) Liquid, (b) gas. 
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where G is the Green’s function for an instantaneous, cylindrical source (Cars- 
law & Jaeger 1959, p. 259) satisfying (5.2), namely 


iad o ao(r?+r’2) orr’ ” 
G - iE: oe = — CX — ° oO. 
sal ee] Me | Alen ew) 


In (5.3a), =, gives the contribution to the energy field of the source distribution 
Q(r,t), and &, gives the contribution of the initial condition =(r, 7). The singu- 
larity in @ at ¢ = 0 reflects the previously discussed (§4.2) singularity in the 
kinetic energy at ¢ = 0. Consequently, a parameter 7 (having the dimensions of 
time) has been introduced in (5.3b), and we will look for limiting forms of the 
solutions of the energy equation for 7/t < 1. 

After substituting (5.2a) and (5.3d) into (5.36), the resulting expression for 
=, may be integrated in closed form. The procedure, however, is too lengthy for 
presentation here; the interested reader may follow the details of the integration 
in Sibulkin (1960). Briefly, (5.35) can be integrated with respect to r (using Erde- 
lyi et al. 1954), in terms of a finite hypergeometric series. The remaining integra- 
tion with respect to ¢ can be carried out in terms of elementary functions and the 
exponential integral EI(x). Fora + 0, EI(x) is defined (in terms of the Cauchy 
principal value) byt 


Ill 


EI (x) P| ; (e—/t) dt, (5.44) 


and is related to previously tabulated functions (Jahnke & Emde 1945, p. 6) by 


El(z) = —Ei(—2) for x> 0, 
ei (5.4) 
El(x) = —Ei(—x) for 2<0. 
After defining the variables 
ay _(9-2)0 ~~ — a(a—2)6y- — 
ja an a en 


the solution for the contribution of the source distribution Q to the energy field = 
is 


s 21/8 Q\i 3 = ee 
Leal = . % a: ey ee — — fy ea J—K 0 _ gJ—K pé 
(7, t) hand (= a; f z bs) (5) = ( 1) . k)! (a é é é | 


j=0 c=0 
x sage) (2V_!} 
+e sald ibis) (=) (—j-1)! 
-1 
x [EI(—6)-EI(—a)+ >> [ett 1)e— (att —1yen | (5.6) 
kaj 


where (~/), and ¢,, ; are tabulated in the Appendix. 
6. Energy field in a liquid 
In §3, we defined a (perfect) liquid by p=const. and c= const. We 
also introduced the symbols = and 6,, which for a liquid have the meaning 
+ This definition of EI(x) and its relation to Ei(x) and Ei(x) is given in an unpublished 
note by A. Farnell, Convair Scientific Research Laboratory, San Diego. 
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= = K-e,, 6;, = 0. As the initial condition for the line impulse in a liquid, we 
set the total energy / equal to a constant throughout the fluid by assuming 


E(r,) = e.. (6.1) 
Then =(r, 7) = 0 which, by (5.3c), makes &, (r,t) = 0 and reduces (5.3) to 
& = [Q?/(167)* y°]&,, (6.2) 


where the complete solution for =, is given by (5.6) with the («f), terms (ef. 
Appendix) evaluated for 6,, = 0. 

At this point one must consider the significance of the time parameter 7. To 
be precise, (6.2) is the solution for an initial energy distribution (6.1) and an 
initial velocity distribution given by (4.8) witht = 9, i.e. an initial velocity corre- 
sponding to the velocity field of a line impulse of angular momentum att = 9. As 
a consequence of the singularity in the kinetic energy of the line impulse at 
t = O(cf.§4), one finds that setting 7 = 0in (6.2) yieldseither5 = + oorE=—x 
for all values of r and t. Consequently, we consider, in §5.1, the approximate 
form of (6.2) for y/t < 1; and, in §6.2, we investigate the development of (6.2) 
with 9/t for the special case of o = 1, for which the explicit expression of (6.2) 
is greatly simplified. 

6.1. Solution for n/t < 1 


For 9/t < 1, the dominant terms in the solution for &,, (5.6), are those in the series 
1 10 
S (e*+t—1)e®. For a liquid, } «;f;¢; _, = 0, and the approximate solution for 
k=j i=1 
&, is given by 10 \ 
~ : ies 2 
a (= a fits,-a) (300)? e1e*, (6.3) 
i=1 
Carrying out the evaluation of (6.3) for 7/t < 1, and using (6.2), yields the energy 
distribution Q2  o(1—20)(1—100) _, 


EK pike ea ~ 4 200 6.4 
(6m) 2(167r)? v3 nt? : _— 


and defining the non-dimensional variables 
E* = Q(E—-e,)/v® and t* = v?t/O (6.5) 

gives the energy distribution in the non-dimensional form 

a(1—20)(1- 200) 


lo@ > 
200 | 6.4 
2(1677)? 9* (t*)? ate 


E*(r,t; 9) & 


In order to eliminate the dependence of # upon 7, we define @,. (a mean kinetic 
energy per unit mass at t = 7) by 


pLé,(n) = 1,(y), L = (Q/v)4, (6.6) 
where L is a characteristic length. Applying (4.10) and (6.5) to (6.6) yields 
je = [128(n*)?]-}. (6.7) 


Comparing (6.4) and (6.7) one notes that, at a given position in space and time, 
the total energy increases as the square root of the initial kinetic energy; thus, 
for (y/t) > 0, E* o(1—20)(1— 400) 


(s*\k ree em. (6.8) 
(€;-)? 32/2772 (t*)? 
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Equation (6.8) constitutes the solution for the energy field of a line impulse 
of angular momentum in a liquid. It is interesting to note that, although the 
shape of the energy input distribution Q is a function of o (ef. figure 2a), only 
the amplitude of the energy distribution H* is dependent upon o while its shape 
is similar to that of Q for 0 = 1. Since, by (5.3), the over-all rate of energy input 
into the liquid is zero (relative to the energy level at infinity), the energy distribu- 
tion (6.8) should, and does, satisfy the condition 


2n | -E*(r,t)rdr = 0. (6.9) 
( 


) 

6.2. Solution for o = 1 
When o = 1, the Appendix shows that «; = 0 for i = 6 to 10. (This simplifica- 
tion is related to the corresponding simplification for o = 1 in the basic energy 
equation (3.11).) Evaluating the remaining terms in (5.6) from the Appendix 

for o = 1, and making use of (5.4), (6.2), (6.5), and (6.7), gives 

10 

[2t/y]—1 


E*(r,t) (yt) 
(ex)t 64. 2ar8(t*)2 | 


(2-204 0) |Bi( — )-Bi(—4)|e-¥ 


+| +3-(7 1) (1 10) |ex | 30 | (3+30) ol (6.10) 
(2t/y)—1 eee pets bees ee CY) — eS 
To find -£* for r = 0 (9 = 0), we use the series expansion (Jahnke & Emde 1945, 


9 
pp. 1, 2) Ei(—2) = 0-5772+Ina+O(zx) 


pe(0,t) Ea a, |. (6.104) 


()) 32/23 (0*)2 2t/n)—1 1 —(y/2t) 
k V 


to obtain 


(As a check on the analysis, one can obtain (6.10a) directly by setting r = 0 
and o = | in (5.4) and integrating the reduced equation for =,.) The develop- 
ment of H* as 7/t varies from 1 to 0 is shown in figure 3. The result for 9/t = 0 
from (6.10) is, of course, identical to (6.8) for 7 = 1. 


7. Energy field in a gas 

7.1. Analysis of initial conditions 
In §3 we defined a (perfect) gas by p = p/#T and c,, = const. We also intro- 
duced the symbols = and 46;, which for a gas have the meaning E = H—h,, 
Oj, = 1. Once the & field for a gas-flow problem has been determined, the energy 
field is found from the relationship 


E={H+3(y—-1) ey. (7.1) 


It will be assumed that y > 1. 
As the initial condition for the line impulse in a gas, we again set the energy 
E equal to a constant throughout the fluid by assuming 


E(r,9) = eq. (7.2) 
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Combining (4.8), (7.1), and (7.2) gives the initial enthalpy distribution 


oD oe f £ (7.3 

Q2/(1677)2p3 n> \2vy} I 2vy) ie 

After substituting (7.3) into (5.3c), the resulting equation for =, can be inte- 
grated (Sibulkin 1960) to obtain 


= 2(y — 1) o ((t— 9) [2+ (7 — 2) 9] + o*yr?/4y) bea (_ ar? 1 | 
™ P| [2t+ (o — 2) n] j°*P | ~ op fats (o —2) J 


(7.4) 














0-4 
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o4H | /} 
T -68 
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 -12 
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N 
x -16 
2) 
2-4 0-1 
03 
28° 
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0 = r/20vt 


FicureE 3. Development of the energy field, #*, in a liquid having a Prandtl number o = | 
as a function of the parameter 7//t. For fixed time ¢, the portion of the ordinate in brackets 
is constant; the solution for the line impulse is the curve at the limit 9/t = 0. 
which, when combined with (5.6) in (5.3a), gives the general solution for the total 
enthalpy field, = (= H—h,,), ina gas. The approximate form of the solution for 
n/t < 1 and the solution for o = 1 will be considered in §§ 7.2 and 7.3. 

For either a liquid or a gas, (7.2) sets the initial local-energy-perturbation, 
(H —e.,), equal to zero. In addition, for a liquid, since p = const., condition 
(7.2) is sufficient to make the initial over-all energy-perturbation, 


Ip = 2n | (pE — peo) rdr, 
( 


0 
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equal to zero; thereafter, conservation of energy requires that J; remain equal 
to zero (ef. (6.9)). The corresponding situation for a gas is more complicated. 
Returning, for a moment, to the non-dimensional variables (3.3) used in the 
preliminary analysis of §3, and defining 
; ” (pE — pe , H-é 
[p(t) = 2a [ cli bite and £** = —_., (7.5) 
Jo pe 4 V2 
we derive the result 
°@) 
Py = 2a [ (yE** + p*+y.Mp*E**) rdr. (7.6) 
J 0 


Consistent with our previous restriction to gas flows in the limit M — 0, 
(7.6) reduces to nm — =e 
sy Tp = yl + Ty, (7.7) 

after defining 


T(t) E**(r,t)rdr and IZ(t)= 2n| p*(r,t)rdr, (7.7) 
0 


JU 


HII 
bo 
~) 


where J7 is the over-all mass-perturbation. Applying the first law of thermo- 
dynamics, between time t’ = 7-and t’ = t, to an open system bounded by radius R 
(see, for example, Keenan 1941, pp. 32ff.) gives 


eR 


R 
27) p(r,t) E(r,t)rdr = 2n/ P(r, 9) E(r, yn) rdr 
) 


J0 ‘ 
vp an PBs) ["eote) _ 

E(R, = a : 8 

(R,t Ee rall . OF rdrdt’. (7.8) 





(*t 
+27 | 

77) 
The last term in (7.8) expresses the change in energy of the fluid within R due to 
the energy content of the fluid crossing the boundary FR and to the work done on 
the system in moving this fluid across R. Now if we let R — oo and use the 


‘ 


integrals defined in (7.5) and (7.70), (7.8) reduces to 

E(t) = Fp(y) + YG (8) — L3(9)- (7.9) 
Thus, for a gas, in contrast to the situation for a liquid, the total-energy integral 
I} is not necessarily constant with time, but depends upon the variation with 
time of the mass integral J%. This is due to the possibility, for a gas, of the fluid 
‘at infinity’ exchanging energy with the interior fluid. In order to apply (7.9) 
to the solution obtained in the next section, the initial values of J7, and [> must 
be determined. However, since (7-2) makes J7(7) identically equal to zero, 
I(n) = I3(y), and the problem is reduced to the determination of the initial 
density distribution p*(r, 7). 

The density distribution p*(r, 7) is given in terms of p*(r,7) and h*(r,4) by 
the perfect gas law (3.4). If we identify the mean fluid properties, (~), used in 
the general analysis of §3 with the fluid properties at infinity, (__ ),,, in the case 
of the line impulse, »*(r,7) can be found by integrating the radial momentum 
equation (3.8a) for the velocity distribution (4.8); h*(r, 7) follows directly from 
(7.1) and (7.2). The combined result is 


fe 2y ‘ F 1 —U 
* (4 pees 3 pee, LO 
p*(r,9) = V2 (16m)2v8y3 0 a e, (7.10) 
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which, when integrated, gives for the initial value of the mass integral the result 
_ 4ry(y—2) QQ? 


V2(y—1) (1677)? v2y?" an 


T3(y) = 


7.2. Solution for y/t <1 


As in the liquid case (cf. $6.1), the dominant terms in (5.6) for 7/t < 1 are those in 


—1 10 
the series > a +t—I)e*. For a gas, however, } a;8;¢; 3 + 0, and, keeping 


i=1 


terms of Oly, 1), the approximate solution for &, is 


] | Se | 
gw gol t4 [-te4340(e-1 a4 7.12 
1 27 Ve A 37+3+0(c—-1) We , (7.12) 
To the same order of magnitude, the approximate form of (7.4) is 
Bz dy Jol : + [—o+1+] 1o%6]] e- 308 | (7.13) 
ll i \y*t yl? , 


Comparing the magnitude of H —h,, given by (7.12) and (7.13) with the magni- 
tude of v? given by (4.8) shows that the corresponding approximate form of (7.1) is 


E-e,, x (H—-h,)/y; (7.14) 


that is, for 7/t < 1, the kinetic energy is much less than the induced increment of 


thermal energy. Substituting (7.12) and (7.13) into (5.3a) and applying (7.14) 
gives, for y + 2, y—2 a0? 
E-e,x—- ( —— eh, (7.15a) 
Y (1677)? v37t 


For y = 2, the terms of O(7~) cancel identically and, using (6.5) and (6.7), the 
non-dimensional energy distribution is 
E*  o(l- 1— 300 
au * i a 170) 6-hoo, (7.156) 
(e*)3 32. 27h (t*)2 
Equations (7.15) constitute the solution for the energy field of a line impulse 
of angular momentum ina gas. Assuch they must satisfy the energy relationships 
derived in §7.1. Applying the same considerations that led to (7.14), one can 
show, for 7/t < 1, that e—e,, x H—e,, and that p* < h*, which reduces the gas 
law (3.4) to p* x —ye*. Consequently, the mass integral 7(t) may be obtained 
by integrating (7.15a); the result is 
4n(y—2)  Q2 
T*(t = —yl*(t — a rs 
lf) ya) V2 = (1677)? p29? 
Combining (7.9), (7.11), and (7.16) gives 
P(t) —I3(y) = —(i/y) L(y) and Tp(t)—T(q) = —L3(y),t (7.17) 


which shows that, 


for y < 2, T(t) > Ti(m) and I7(t) > Ip()3) 
for y = 2, It) = I5(y) and Ip (t) = I7p(9); (7.18) 
for y > 2, T(t) < I3(m) and I} (t) < I}(9). 


t Since J7(t) = 0 and 17 (y) = I*(y), this equation also shows that the solution for the 
energy field for 9/t< 1, (7.45), satisfies the first law of thermodynamics expressed in the 
form (7.9). 
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That is, for y < 2, there is a net compression of the fluid set in motion by the 
line impulse, and the work accompanying this compression causes the total 
energy of the line impulse to increase with time. For y > 2, the opposite occurs; 
for y = 2, the energy of the line impulse remains constant, and this is the physical 
explanation for the cancellation of the higher-order terms in (7.12) and (7.13) 
for y = 2. 

Since the net effect of compression is zero for the y = 2 gas, it is not surprising 
that the energy field of the line impulse in that case, (7.155), has the same form 
as the energy field for the line impulse in a liquid, (6.8). However, although the 
net effect of compression is zero for the y = 2 gas, there is still a local increase in 
enthalpy due to compression (cf. equation (5.1)) for 6 < 3 and a corresponding 
decrease for 0 > 3. To show the effect of the local density changes more fully, the 
development of the energy field ina oa = 1, y = 2 gas will be considered in the next 
section. 


7.3. Solution for o = 1,y = 2 


As was the case for the liquid (cf. §6.2), the evaluation of (5.6) is considerably 
simpler when the Prandtl number o = 1. The result is (Sibulkin 1960) 


= l (8 — 64) (y/t) — (6 — 30) (n/t)? + (1— ad 


3 
> 


” (i 
(e)s 64/28 t*)2 (2 


20 27 ol zag 
b —-—— —I)e~"}. 19 
<exp| tn |+ ; (A—I1)e (7.19) 


The development of #* as 7/t varies from 1 to 0 is shown in figure 4. The result 
for 7/t = 0 from (7.19) is, of course, identical to (7.156) for 7 = 1. Comparing 
figures 3 and 4, it can be seen that, during the early stages of development of the 
line impulse, say for 7/t > 0-5, the energy distributions are not too different in 
that E* is negative at 0 = 0 for both the liquid and the gas. Later on, as /t > 0 
however, the local effects of compressibility (as discussed in §7.2) cause H* to 
become positive at 7 = 0 and continue to cause E* to be negative at values of 
6 > 3. 


7.4. Discussion of results 


The results obtained in the preceding sections lead to the following qualitative 
description of the history of what we have defined as a line impulse of angular 
momentum, (4.6). 

At the time the line impulse originates, t = 7, the fluid is nearly at rest except 
in a region near the axis where, for r?/2vy < O(10), the circumferential velocity v 
rises sharply to a maximum before returning to zero at the axis. Corresponding to 
this velocity maximum, there is a temperature minimum (relative to the tem- 
perature of the fluid at infinity) such that the total energy—kinetic plus thermal 
—is constant throughout the fluid. And, as a consequence of the velocity field, 
there is a pressure minimum at the axis.+ 


f It is suggested that the interested reader sketch the profiles at t = 9 for reference 
during the remainder of this discussion. 
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As the line impulse decays for t > 9, a ‘shear wave’ radiates from the axis in 
the sense that the radius of the velocity maximum increases with time while 
its magnitude decreases (figure 1). Simultaneously, a ‘thermal wave’ and a 
‘pressure wave’ propagate radially. If we fix our attention on a fluid element 
initially at rest at a radius 7’ (which in the limit 7 — 0 includes all fluid elements), 
the passage of the shear wave sets the fluid elements into circular} motion about 
the axis of the line impulse with a velocity which rises to a maximum and then 
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0=r*/2vt 
FicurRE 4. Deveiopment of the energy field E* in a gas having a Prandtl number ¢ = | 
and a ratio of specific heats y = 2 as a function of the parameter 9/t. For a fixed time ¢, 
the portion of the ordinate in brackets is constant; the solution for the line impulse is the 
curve at the limit 9/t = 0. 


decays to zero as t > oo. Thus the initial tendency of the shear wave is.to increase 
the energy of the element by increasing its kinetic energy. On the other hand, 
the passage of the thermal wave tends to decrease the energy of the element. For 
Prandtl numbers o greater than one, the kinematic viscosity is greater than the 
thermal diffusivity and the shear wave spreads more rapidly than the thermal 
wave causing the total energy of the element at r’ to increase at first; for 7 < 1, 
the reverse occurs. These effects can be traced on figure 2 by noting that, at a 
fixed radius r = r’, 6 decreases as ¢ increases. 

+ For a liquid the streamlines are circles; for a gas, subject to the limitation M < 1 
assumed in this paper, the streamlines are perturbed circles in that r(t) >r’ as M > 0, 


as a consequence of (3.6). 
20-2 
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In addition to the effects of shear and heat conduction described above, the 
passage of the pressure wave causes the pressure at 7’ to decrease at first and then 
tends to return the pressure to its initial value; and, for a gas, the work of com- 
pression accompanying this pressure variation first decreases and then increases 
the energy of the element. The over-all effect of compressibility depends upon the 
value of y for the gas (as discussed in §7.1) in such a way that the total energy 
of the fluid set in motion by the line impulse increases with time for y < 2 and 
decreases for y > 2 (7.15a). For y = 2, the total energy of the gas remains con- 
stant, and the solution for the energy field in this case, (7.156), has the same 
form as the solution for the liquid (6.8). These solutions show that for ¢/y > 1, 
E*—e,, x 0 throughout the fluid for 7 = 3 in the case of a liquid and for o = 4 
in the case of the gas. The differences between the liquid and the y = 2 gas are due 
to the local effects of compressibility, and are further illustrated by the differences 
in the development of the line impulse with 7/t as shown in figures 3 and 4 and 
discussed in §7.3. 


Appendix : 
The values of («/),; and ¢; ; are tabulated below. 
Ci 
(a?),;.4000 exp (}00) j= —-3 -2 -1 0 1 2 3 
i=1 (—2+4306,,) (o—2)2 f=1 1 ~2 je + * «= 
2  2%1—2Aa7—1)—4o09,,] (o—2) eo a a ae oe 
3 —4[1—2(¢—1)—06,,] (7-2) 3 60 it -82 t © 6 @ 
4 [1—2(¢—1)—4068,,] o2(o —2) 0 is 2 —@ «<@ ~-4 © & 
5 4(0—1) (ao —2)? 5 1 —-4 4+6 -—-4 +41 0 0 
6 —16(0—1) (o—2) ¢ s+ t -§ 2% =< © * 
7 16(¢—1) 7*# ©8©® t+ <2 a1 86 * 
8 4020-1) (o—2) ;e® ' = ae <se 64 Cle 
9 —80%(c—1)0 s+ © 4 —@ as = 
10 Lot(o—1) 10 =O 0 1 —-4 +6 -4 1 
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The boundary layer on a flat plate in a stream 
with uniform shear 


By J. D. MURRAY* 


Mathematics Department, University College London 
(Received 13 March 1961) 


The incompressible laminar boundary layer on a semi-infinite flat plate is con- 
sidered, when the main stream has uniform shear. A solution is obtained for 
the first two terms of an asymptotic solution for small viscosity. It is shown that 
one of the principal effects of free-stream vorticity is to introduce a modified 
pressure field outside the boundary-layer region. 





1. Introduction 

The region behind a bow shock wave is associated with an inviscid rotational 
flow. This vorticity in the inviscid flow will in some way affect the boundary layer 
on the body. To provide some understanding of the effects on the viscous 
boundary layer of a free-stream vorticity, the laminar boundary layer in a two- 
dimensional incompressible fluid of constant properties on a semi-infinite flat 
plate is studied, when the main stream has uniform shear. 

Li (1955, 1956) and Yen (1955) have considered this problem. Li (1955) ob- 
tained asolution on the assumption that there is no pressure gradient as y/v—>00, 
where y is the Cartesian co-ordinate measured from the plate, taken as the 
x-axis, and v is the kinematic viscosity. Yen used the same boundary condition 
but employed a Polhausen technique on the velocity profile in the boundary 
layer at different stations on the plate, and showed that a form factor is required, 
which depends on the boundary-layer thickness. Li (1956) retracted his first 
solution and included in his boundary conditions a pressure gradient at the edge 
of the boundary layer. Glauert (1957) used the same equations and, in effect, 
the same boundary conditions as Li (1955). He stated that the pressure gradient 
at the edge of the boundary layer must be zero. This pressure-gradient condition 
is considered below. 

In this note a solution is obtained for the first two terms in an asymptotic 
solution for small viscosity. The effect of the shear on the boundary layer is 
O(v'), which may be deduced from the introduction of a vorticity number— 
the ratio of the main-stream vorticity to the average vorticity in the boundary 
layer—or from perturbation considerations on the Navier-Stokes equation. 
Accordingly, the correction to the Blasius solution for a uniform main stream 
must be included to O(v*). From consideration of the various boundary conditions 
and a study of the pressure gradient over the complete field of flow, a solution is 
obtained which is correct to O(v?) everywhere in the field of flow. The solution 

* Now at Hertford Coilege, Oxford. 
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being the first two terms of an asymptotic expansion, terms of O(v) must be 
considered if they arise. The term of O(v) which does appear is shown to be con- 
sistent with the modified definition of the displacement thickness which is neces- 
sary when the main-stream shear is present. 

The difference in the following solution consists mathematically in the different 
treatment of the boundary conditions as y/v? > « and in the method of solution. 


2. Basic equations and solution 

Let (22, y.) be the rectangular Cartesian co-ordinates, with the origin at the 
leading edge, the 2-axis along the plate and y, perpendicular to it. The velocity 
inthe mainstream istaken as U, = Uj) + Qoyo. Take any length /as reference length. 
(Alternatively v/U, or U,/Q, may be used.) Use non-dimensional co-ordinates 
and velocities denoted by subscripts 1 by taking all lengths as multiples of 1, and 
velocities as multiples of U,. From the continuity equation there is a non-dimen- 
sional stream-function y,, such that wu, = Cy,/Cy,, vy = —0y,/C2,. The dimen- 
sional stream-function is U,lyy,. The non-dimensional free-stream velocity is 


U,=14+Ny, N= Qjl/U%. (1a, b) 


The usual boundary-layer transformation is to stretch the y, co-ordinate by 


y = R}y,, and to use . 
1 y= RY, (2) 


as dependent variable, where FR is the Reynolds number Ujl/v. However, for a 
uniform main stream, the flow along the plate is obtained correctly to O(R-4) 
for both the boundary-layer flow and the external stream if parabolic co-ordinates 
(¢,,9,) are used. (For a discussion of optimal co-ordinates in general, see Kaplun 
(1954).) We therefore use parabolic co-ordinates here defined by 


(E: +29)? = 2, +ty, (9, > 9) 


in the whole (2,, y,)-plane, with 7, = 0on the plate, £, > 0on the upper half plane 
and £, < 0on the lower half plane. We then stretch the 7, co-ordinate by writing 
n = Ry, and transform the stream-function by (2) as before. We also drop the 
subscript | from &,. All the derivatives of y with respect to € and 7 are bounded as 
R + o, and correctly to O(R-*) the equation for y (boundary-layer equation) is 
6 aE oie 

(7 be Cy = on eX) ss (:*) | =” (3) 

For a uniform main stream, we have N = 0, and the solution in parabolic 
co-ordinates is then known to be 





X = Sfo(), (4) 


where f, is the Blasius solution. 
For a given non-zero NV it appears that the simplest asymptotic expansion 
for y will commence with the terms 


= 
X = Efoln) +5 Bf) + + (5) 
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the rotational contribution being necessarily even in &. Substituting into (3) 
and equating coefficients of ¢? and 3, we get 


C m on > 
on (fo +fofo) = 0, (6a) 


: (fl +fofi -Rhi+ Beh) = (6b) 


and = 
C7 


where the prime denotes differentation with respect to 7. On the plate u = v = 0, 
and so f,(0) = fo(0) = 0, f,(0) = f{(0) = 0. Also, as 7 > 2, fy > 2. The boundary 
condition on f, as 7 + 0% will be discussed later. 

Integration of (6a) with the given boundary condition at infinity yields the 
Blasius equation. Equation (60) is 


(4) wid - ” ft > ) mt ro on 
SP thh +hoh + 2fo fi = 9, (7) 

which on integration gives 
mn, ad 7 er ar” ee > 
fi +fohi —fohi T = ott i A,, (8) 
where A, is a constant. Note that /, above is the particular case n = — 1 in the 
general consideration of uniform flow along a flat plate made by Goldstein 


(1960). 

As regards the condition on f, as 7 > 0, what we require is that the vorticity w 
should asymptotically differ from the vorticity Q, of the given main stream by an 
exponentially small amount, and that (with this exponentially small change of 
vorticity neglected) the difference in the irrotational flow obtained from the 
asymptotic form of the boundary-layer flow and that from the given main stream 
should itself tend to zero as the unstretched co-ordinate 7, > 0. (Note that 
9, > © at every point whose distance from the nearest point of the plate — 00.) 

By this means we satisfy (i) the physical condition that the diffusion of vor- 
ticity produced at the solid surface should contribute only an exponentially 
small vorticity outside the boundary layer, (ii) the condition that the boundary- 
layer flow should merge smoothly into the main-stream flow which itself satisties 
(i), and (iii) the condition that the perturbation of the main stream, due to such 
effects as the displacement thickness, should vanish at an infinite distance. 
As shown below, these conditions are sufficient (as in the uniform flow case) 
for a solution to be defined. It is, of course, necessary that (iv) any induced pres- 
sure gradient in the region outside must be bounded; but when (iii) is satisfied, 
so is (iv). 

For small 7, we have 

2 gtd 
fin = 28-28 .., ° 
and, for large 7, 
fon) ~ 20-8, foln)~ye*™ (A= 9-3), (10) 


where y, « ( = 1:3282) and f ( = 1-7208) are constants. 
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The two solutions of (7) with double zeros at the origin are given by 


2 G26 3778 
ay” amy? aN 


ye) = Sp Gy FB gE tl 
; ; : 11 
an? gen a ( ) 

Y3(4) = 31 ~ 6! a as ? 


for small enough 7, of which y, is a complementary function of (8) and y, a 
particular integral of (8) with A, = «. When 7 (or A) is large, asymptotic approxi- 
mations to complementary functions of (8) are (i) constant, (ii) H_,(7), (iii) H_,(9), 
where L_, and //_, are related to the cylindrical parabolic functions (Whittaker 
& Watson 1927) and 


B_a() = A414 4A) = 92 fy + H+) - 
and H_,(n) ~ e~*A-3(1 — 380-2 +....). J ie 
A fourth complementary function of (7), which is a particular integral of (8) 


with A, =a, is asymptotically equal to — }ay7. Consequently, there must be 
constants dy, b,, Cy, A3, bs, ¢, such that 

Yo ~ A,+b,E _1+¢,H_, 3 
] 
and Ys ~ —4an+a3+b,E_,+¢3H_,.) (18) 


These equations were solved on a Univac machine and the constants evaluated, 
the result being 


dy = 10315, by, = 0-8354, az = 0-96530, bs = 1-13165. 
A solution of (8) for f,(7) may be taken in the form Ay, + By,, where A and B 
are constants to be determined. Thus, 
fil9) = Ayn + Bys 
~ (Ad,+ Bas) —4Ban + (Ab, + Bobs) E_, + (Ac.+ Beg) O(e-**) 
= [(Aa, + Bag) + $(Ab, + Bb) (1+ 3A?)] 
—|[(Ab, + Bbs) P+ 4Ba]y + (Ab, + Bbs) 9? 
+ (Ac, + Bes) O(e-’), 
and So(7) ~ 29 —-f. 
From (1) we have, in the main stream, 


2N 
Dp! fi9", (14) 


and so A and B must be chosen to make the coefficient of 7? have the value }, 


nee, H+ Me, =. (15) 
From (5) we have, for large 7, 


4N 
x ~ (29) +75 &4(dy*+ Oy + D), 


neglecting exponentially small terms, where 


J= —4(4B+f), D= (Aa,+ Baz) +}(24+ f?). 





ul 
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fi, 4NC,,, AND, 
sy Sint &i- 
ee Fae R 


9 


Hence Wy ~ (2:9, + 2NE7 HF) - 


This is now the boundary condition for small 9, of the inviscid flow problem 
(that is the solution of V7, = NV‘, which must merge smoothly into the main- 
stream flow with the diffusion of vorticity produced at the plate exponentially 
small. With these boundary conditions the solution is 


BE, 4NC(., mR AND 
2 wt” 3)" R 


Wy = (28,9, + 2NEi 73) (£2 — 7). (16) 


e 


This stream-function satisfies conditions (i), (ii) for any C and D. A and B are 
undetermined and may still be chosen to make C or D equal to zero. 








U) AM) Ai) y) AM) Ai) 
0 0 0 2-4 4-62326 2°57583 
0-2 0-06021 0-59050 2-6 5-15005 2:69786 
0-4 0-23139 1-10870 2°8 5:70444 2-85023 
0-6 0-49837 1-54698 3-0 6-29155 3:02377 
0-8 0-84423 1-89611 3-2 6-91480 3-21037 
1-0 1-25044 2-14999 3:4 757617 3:40417 
1-2 1:69800 2:31087 3:6 8:27670 3-60154 
1-4 2-16951 2-39299 3°8 9-01689 3-80052 
1-6 2-65164 2-42199 4-0 9-79695 4-00015 
1-8 3°13689 2°42962 4-2 10-61697 4-20004 
2-0 3°62408 2-44577 4-4 11-47697 4-40000 
2-2 4:11712 2:49144 4-5 11-92197 4-50000 
TABLE 1 
— 1 oy, -1 dy, 
“1 o(e2a 2k On, 2 ae24-92)8 Ob” 
2(S+ 91)? ON 2(S5 + 9{)? 1 


u,, with yw, given by (16), tends to infinity with 7, unless C = 0. With this value 
of C and equation (15), we get 


B= —Bla, A= (1+2(B/a)b,)/2b., (17a) 
and C=0, D=a,(14+2(f/a)b,)/2b,—(2/a)az+}(2+ A"). (170) 
With these relations, A = 2-3534, B = — 1-2955 and f,(7) and f{(7) are as shown 


in table 1, and figure 1 below. With C and D from (17a, b), condition (iii) is satis- 
fied. Denoting the pressure gradient in the extended boundary-layer flow by 
(P,, P, 9), we have 


1 Cu 2 
P,=- Na +a 1 — Ne 
1 ¢ > >\1 14¢ 19¢ dass 
2(f3 + 4)? > Ss 
1 Cu, Ov; . 
and Pi =- (uy + 5—) 4+ Nay, 
(£2 2\3 7 0} 
2(S5 + Ii) Nh MN 
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with w,, v, from above. If C were not equal to zero, for large £, and 7, respectively, 


we would have - 
Pew lic P,~0, | 
R ’ (18) 
P,~ 90, P, ~ —2(N?C/R}) 7 
and, for £, not small and small 7), (i.e. at the edge of the boundary layer), 
N 1 2N2(2D—C?) , 
P,>- 20+ ~)>4 +O(R-2), 
ae ales R | (19) 
P, > O(R-3) | 





Ai) 














FIGURE l 


It may have been thought, from a consideration of the problem only as far 
from the plate as the edge of the boundary layer, that the pressure gradient 
(19) should be zero to O(R-), in which case C would be equal to — 43 (Glauert 
1957). However, from (18), this would result in an unbounded pressure gradient 
in the free stream as 7, > 00, which seems improbable from physical considera- 
tions. Therefore with C = —4/, although from (19) the pressure gradient is 
zero to O(R-*), there is a pressure gradient growth as 7, increases as in (18). 

Thus, unless C = 0, condition (iii) (and (iv)) is violated. With C and D from 
(174), equation (16) becomes 


eS. . 
ry = (26m, + 2NEFH) —E* (E37). (20) 
Rit R 


The solution given by (5), and that for the inviscid region outside the boundary 

° layer (that is, where the vorticity created at the plate is exponentially small) 
given by (20), then satisfies conditions (i) to (iii), and also (iv), to O(R-4). From 
(19), with C and D from (175), there is therefore an induced pressure gradient of 
O(R-+) and equal to — V/2R2E, at the edge of the boundary layer. 
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The complete solution to the flow problem is given by (5) with A and B from 
(17a). The inviscid flow is given by (20) which gives the known Blasius solution 
for N = 0. Since we are seeking a solution, correct to O(R-}), the term in (20) 
of O(R-!) could perhaps be omitted. However, this term must be considered in 
relation to any continuation to O(R-') of the series solution. This term repre- 
sents an outflow as 7, > 0, which is consistent with the revised definition of the 
displacement thickness 6, when there is a main-stream shear present. (This has 

180 been discussed by Curle (1957).) For ease of physical interpretation, we con- 
sider the definition in Cartesian co-ordinates in the form 


PY Puy +d, 
(1+ Ny,)dy, = uy dy, (21) 
“0 70 
where y¥, is the distance (outside the boundary layer) from the plate of the posi- 
tion at which the displacement thickness 6, is measured. This is the classical 
definition when V = 0, From (21), with «, obtained from (5) and (20), we get 


| k 
6; = — >; (1+ Ny,)+ 


1 bet 4ND_\}! 
N N 


fasts en (Ot 92, 
from which 6,—> Oas y, > 0, as it must since any finite displacement of the stream 
lines at infinity would correspond to an infinite increase in mass flow. In the case 
of uniform main-stream flow (NV = 0), the inviscid-flow solution gives the dis- 
placement-thickness profile as the solid body for which it is the potential flow 
solution. From (21), if y, = 0 in the limits of the integrals in (22), we get at the 
edge of the boundary layer, 


1 | jut =4ND_ \]S 
bunce isan (Ot - ais x) (23) 


defined in terms of the defect of mass flux in the boundary layer, which is con- 
sistent with our definition. With 6, obtained from (23) as the profile of an equiva- 
lent body, equation (20) gives the inviscid flow past it, as in the case of a uniform 
main-stream flow. Care must be exercised in interpreting the result given by 
(23), since the correct defect of mass flux to O(R-!) is not known completely until 
further terms are obtained in the asymptotic solution (5). It does, however, 
illustrate the consistency of the above solution and the definition of the dis- 
placement thickness. It is at this stage that a mathematical limitation on N is 
imposed, namely, N < R3/4Dz3. 

The shearing stress is given by 7, = 4 0u,/0y2, and the contribution due to the 
free-stream vorticity is easily calculated from (5). In particular, according to 
(5), the skin friction on the plate is given in non-dimensional form by 


T> (0) Nfi(0) 
t= 79 = wads 24 
: E |, o 4Rig, RB (24) 


F : 1 : — 
where p is the density, and £, = x} on the plate. The second term in (24) gives the 
increase in the skin friction due to the main-stream vorticity. It is interesting to, 
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note that this contribution does not depend on the position £, on the plate. From 
(17a, b) and table 1, we get 


y 


1 N 
To = Ty 4 033206 + 5 312594... (25) 
“XT 


Since £, = 2} on the plate, outside the boundary layer, 7 = N/R, and so, from (23), 
the presence of the boundary layer increases the effect on the plate of the vor- 
ticity in the main stream. The variation with y of f,(7), f{(7) is shown in figure 1. 

In conclusion, it may be said that one of the principal effects of free-stream 
vorticity is to introduce a modified pressure field outside the boundary-layer 
region. As a result, the skin friction, boundary-layer separation, and stability 
will all be affected. These effects are important when the displacement effects 
become significant. It should be noted that the displacement effect due to the 
free-stream vorticity is of O(R-). 


The author would like to thank Professor Sydney Goldstein of Harvard 
University for many helpful discussions during this investigation. This research 
was supported in part by thé U.S. Office of Naval Research under Contract 
Nonr-1866 (34) at Harvard University. 
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REVIEWS 


Hydrodynamics of Oceans and Atmospheres. By Cart Eckarr. London: 
Pergamon Press, 1960. 290 pp. 63s. 
From the title of this book, a prospective reader might expect a direct physical 
attack on the finite-amplitude turbulent convective circulations of the atmo- 
sphere and oceans, which would be intimately connected with observation and 
would suggest new types of physical measurement to decide such critical hypo- 
thetical elements as might occur in the theoretical development. Probably the 
word ‘hydrodynamics’ conveys some more restricted and formal meaning to the 
author than it does to the reviewers, because this book is principally a systematic 
study of wave motions of infinitesimal amplitude in an inviscid compressible 
stratified fluid on an infinite plane or on a sphere, with and without rotation. 
Starting with a concise and rather interesting discussion of the relevant thermo- 
dynamic concepts, the author formulates the basic problem of the book as the 
study of the hydrodynamic equations by the methods of perturbation theory. 
In this he takes the zero-order state to be one of no motion, which is regarded as 
given, and attention is thereafter essentially restricted to the first-order per- 
turbations. Chapter 111 presents some discussion of steady solutions to the per- 
turbation equations, and points out that the second-order equations cannot be 
completely neglected even in a first-order theory, since in some cases they imply 
relations among the first-order quantities which are not consequences of the 
first-order equations. Apparently the analogy of this with the process of ‘sup- 
pression of secular terms’ leads to these relations being called ‘secular equations ’ 
by the author—a terminology which seems somewhat unfortunate because of 
the extensive use of this term as a synonym for ‘eigenvalue equation’. Indeed, 
the widespread use of such special terms and symbols makes the book somewhat 
difficult to use for reference purposes, though it must be admitted that the 
author often has good reasons for his usage. When Chapter vim is reached, a set 
of variables convenient for the study of waves has been introduced, the equa- 
tions have been put into a standard form and their mathematical properties 
discussed briefly, and we are ready to attack some specific problems. The re- 
mainder of the book discusses such problems—basically the free waves of various 
systems with plane and spherical level surfaces, with and without rotation. 
Here we find a number of interesting things—a unified discussion of acoustic 
and gravity waves, a very thoroughgoing presentation and use of the ray theory, 
a clear discussion of the significance of the ‘unlimited’ (i.e. not square integrable) 
eigenfunctions in unbounded atmospheres, illustration of the applications of the 
WKB approximation, and some general results obtainable by the use of com- 
parison and oscillation theorems. The principal limitation in this study of waves 
is that only the simplest types of boundary conditions have been considered— 
the upper and lower boundaries are always level surfaces, and the lateral bound- 
aries are mostly not present at all; the case of vertical lateral boundaries is 
discussed only briefly in the simplest possible cases, without rotation. Thus 
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edge waves and Kelvin waves are not mentioned. In addition, there is essen- 
tially no discussion of the excitation of waves by external influences, which is a 
pity since there are many important questions in this area which are accessible 
and of which a discussion within the author’s general framework would have 
been most interesting. The only approach to such questions is in Chapter VI, 
‘General Theorems Concerning the Field Equations’, where it is simply pointed 
out that in principle the solutions to the equations with forcing terms can be 
found once the eigen-solutions are known. But even here the emphasis on free 
waves has led the author to the assertion that for a finite volume of fluid the 
eigen-solutions are denumerable, and every regular (i.e. C!) solution of the time- 
dependent first-order equations is expressible in the form 


Ue ZA 


i“ a 


(t) U,(x, y, z), ete. 


Counter-examples to this statement have already been given in Chapter 111 on 
‘Steady Motions’—the eigenvalue zero is always non-denumerably infinitely 
degenerate; even in its linearized version, hydrodynamics is not as simple as 
quantum mechanics. In this connexion, the author notes (p. 37) that with 
spherical level surfaces and rotation the only steady motions are the zonal 
geostrophic flows, i.e. the infinite degeneracy of the eigenvalue zero is partially 
split by the effects of rotation and spherical level surfaces; but his assertion 
that this effect of rotation has been overlooked in the past is unwarranted (see, 
for instance, Lamb’s Hydrodynamics, §§ 206, 212, 223). In general, the proper- 
ties of waves in rotating systems are much more widely known than is suggested 
by the limited bibliographic references ; another example is the relation between 
Rossby waves and tidal oscillations of the second kind (mentioned on the dust 
jacket as an example of the unification brought about by the use of modern 
methods of atomic theory). This was pointed out by Haurwitz in 1940. 

As is evident from the above sketch of the contents of the book, there are 
many parts of the hydrodynamics of oceans and atmospheres having consider- 
able physical interest which are not discussed: the stability of waves on baro- 
clinic currents in the atmosphere, the general circulation of the ocean, exchange 
processes across the sea—air interface, everything related to viscosity or turbu- 
lence, all problems related to heat transfer, such as the oceanic thermocline, all 
problems related to water vapour in the air, such as clouds, all problems related 
to radiation, such as the mean stability of the atmosphere. But the author 
states clearly at the beginning that such problems will not be discussed, and he 
can only be criticized for choosing an all-inclusive title. From the physical 
point of view, however, there is one fundamental objection to a basic feature of 
the perturbation-theory approach used. This is that the basic state (zero-order 
solution) may be regarded as given, and not subject to friction and heating. 
There are phenomena in the atmosphere and ocean for which this procedure is 
satisfactory, and for which the linearized perturbation equations then yield very 
useful information. Examples of such phenomena are tidal motions, refraction 
of sound and of surface waves, lee waves, tsunamis, and seiches. However, it is 
important to realize that these are all phenomena which have little or no effect on 
the basic state. A much more difficult problem is encountered in studying those 
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phenomena in which the basic state is itself greatly influenced by the non- 
steady motions. Indeed, it is the explanation of the basic or average state that 
is frequently the most interesting and challenging aspect of the problems, and 
it is here that the fundamental physical questior.s of oceanographic and meteoro- 
logical hydrodynamics, more often than not, lie. Under these conditions, it is 
certainly not permissible to disregard the effects of friction and heating on the 
zero-order solution. This is not to say that the perturbation technique is then 
worthless, but only that the mathematical difficulties become much more 
extreme than those treated elegantly by Dr Eckart, and that other techniques 
may be more productive. 

Chapter m1, on ‘Steady Motions’, if it is to be taken as some sort of a model 
of the real atmosphere, furnishes several examples of the dangers involved in 
applying the perturbation approach without a knowledge of the actual orders 
of magnitude involved. Friction is neglected even in the first-order equations, 
and the horizontal winds are therefore geostrophic. As a result, the author is 
forced to require that the horizontal pressure gradient vanish at the equator— 
in spite of observational evidence to the contrary. One of the more frustrating 
problems in meteorology is thereby denied existence. The author also uses the 
horizontal divergence of the geostrophic wind to deduce that air rises and is 
heated where the average surface pressure increases from west to east, and sinks 
and is cooled where the pressure decreases from west to east. This is not in 
agreement with observational evidence. Furthermore, the same relationship 
leads to the absurd result that the heating must vanish when averaged along 
any latitude circle! These difficulties are of course traceable to the author’s 
choice of a basic state, and the neglect of friction, and should not be interpreted 
as a failure of the perturbation method per se. A much more fundamental error 
is the neglect of the now well-established observational evidence that the 
‘friction’ and ‘heating’ which determine the average large-scale motions of the 
atmosphere are to a great extent a result of the non-steady motions. One 
questions then the physical relevance of a procedure which enables the steady- 
state solution to ‘be considered independently of the components that change 


with time’ (p. 22). er = : 
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Lectures on Fluid Mechanics. By S. GoLpstErn, with J. M. Burgers. New 
York: Interscience, 1961. 309 pp. $ 6.60 or 50s. 

From 23 June to 19 July 1957, the American Mathematical Society held a 
Summer Seminar in Applied Mathematics at Boulder, Colorado, to indoctrinate 
a general mathematical audience in four broad regions of applied mathematics. 
Each of the four groups of lectures has since appeared as a book, including the 
present volume on Fluid Mechanics, with 274 pages by 8S. Goldstein and 29 pages 
by J. M. Burgers. 

One of the pleasures of reading a book of this kind is in seeing an author’s per- 
sonality shine through the printed page much as it must have done in the lecture 
room. This is not least so in Prof. Goldstein’s preface, where he explains that he 
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has attempted to offer only an enticing taste of fluid mechanics; that, clearly, 
no sort of completeness was possible; and that he has included, in the main, 
topics that have interested him. Incidentally, he gives later enough brief 
mention, with references, to the major branches of fluid mechanics which are 
not otherwise treated to avoid the well known dangers of innocent readers ignor- 
ing their existence ! 

The earlier chapters will give the connoisseur of Sydney Goldstein’s Cam- 
bridge and Manchester lectures on hydrodynamics many a happy moment of 
recollection. To this classical material has been added an account of the elements 
of compressible flow, including boundary-layer aspects, as well as of the founda- 
tions of continuum magnetohydrodynamics. 

The more advanced material includes a sketch of our knowledge of the exact 
two-dimensional incompressible flow past a semi-infinite plate. At a distance x 
behind the leading edge that is large compared with v/U (where v is kinematic 
viscosity, and U mainstream velocity), the flow is asymptotically determinate, 
as the Blasius solution within the bourdary layer, merging outside it into the 
potential flow around the parabolic displacement-thickness contour. Early 
writers thought that higher approximations for large Ux/v would also be deter- 
minate, and calculable by expansion in descending powers of Ux/v. It now 
appears that the expansion must include logarithmic terms, and also arbitrary 
constants. The need for the latter is at once evident when we consider that the 
equations determining the asymptotic expansion would be unaffected by the 
presence of a bulbous rim along the leading edge, which, nevertheless, would 
cause an alteration to the boundary layer that would only gradually attenuate 
as Uz/v increased. In fact, these constants can be determined only by joining the 
asymptotic solution on to a suitable numerical solution in the neighbourhood 
of the leading edge. 

The book ends with some plasma dynamics. The calculation of electrostatic 
wave motions, derived by perturbing the collision-free Boltzmann equation for 
the electron velocity distribution about a Maxwellian distribution, is given, with 
some discussion of Landau damping. In addition, Dr Burgers makes a contribu- 
tion that includes his calculation of the effects of a shock wave passing through 
fluid of large conductivity in the field of a magnetic dipole. 

One’s only regret, in a book like this aimed at giving a first taste of fluid 
mechanics, is the paucity of figures (seventeen altogether). Even though it may 
have been necessary to accept what it is not surprising to find the famous editor 
of Modern Developments in Fluid Mechanics calling ‘one glaring and horrible 
omission—the omission of any comparison of theoretical with experimental 
results’, nevertheless some diagrammatic representations of even calculated 
flow fields would have helped readers, unfamiliar with the subject’s flavour, to 
appreciate that spicy component imparted to it by retinal reception of flow 
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